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Write down the thn  degree Taylor polynomial for the function 10
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Therefore 
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Deduce that the value of 10
1

1000  correct to three decimal places is 1.995.  
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So to find )(xf to an accuracy to the 3rd decimal place ( 3=m ), we have to take 3 terms ( 3121 =+=+n ) of 
the Taylor Polynomial and round each term to the 4th decimal place ( 4=p ). 
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Determine the value of 10
1

1025  correct to ten decimal places. 
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So to find )(xf to an accuracy to the 10th decimal place ( 10=m ), we have to take 4 terms ( 4131 =+=+n ) 
of the Taylor Polynomial and round each term to the 11th decimal place ( 11=p ). 
 

∑
=

−
⎟
⎠
⎞

⎜
⎝
⎛ −−⎟

⎠
⎞

⎜
⎝
⎛ −⎟
⎠
⎞

⎜
⎝
⎛ −

−
+=

n

r

rr

n cr
r
cxcfcxP

1

10
1

)1(
10
1........2

10
11

10
1

10
1

!
)()(),(  

( ) ( ) ( ) ( )

.....530000000000.0........300000000858.00001953125.02
2
1

2000
57

2
1

200
9

2
1

10
12

2
10
19

10
9

10
1

6
)1(2

10
9

10
1

2
)1(2

10
1

1
)1(2

1024)1(
10
1........2

10
11

10
1

10
1

!
)10241025()1024(

)1024,1025(

29199

10
29

10
2

10
19

10
2

10
9

1010
1

10

3

1

10
1

3

+−+=

+−+=

⎟
⎠
⎞

⎜
⎝
⎛−⎟
⎠
⎞

⎜
⎝
⎛−+⎟

⎠
⎞

⎜
⎝
⎛−++=

⎟
⎠
⎞

⎜
⎝
⎛ −−⎟

⎠
⎞

⎜
⎝
⎛ −⎟
⎠
⎞

⎜
⎝
⎛ −

−
+=

−−−

=

−

∑
r

rr

r
r

f

P

 

 

20001952267.2
30000000858.050001953125.2

50000000000.030000000858.000001953125.000000000000.2
)1024,1025(3

=
−=

+−+=
P

 

So to the 10th decimal place accuracy 0001952267.2102510
1

=  



Page 1 of 8 
NUMERICAL ANALYSIS AND METHODS-Udaya Chinthaka Jayatilake 
CHAPTER 1-Numerical Root Finding 
 
Consider the equation xx 22 = . 

1. Graphically obtain real intervals which contain real roots. 
 
 

 
 
We draw the graphs of 2

1 )( xxy =  and xxy 2)(2 =  on the same plane. Then the solutions are given by the x  
Coordinates of the points of intersection. 
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2. Find the number of iterations required to find the answers accurate to the 2nd decimal place by the 
Bisection method and find the roots to this accuracy. 
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We use CASIO fx-991ES 
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=AB-AB+2^X-X^2 

0 8.0−  7.0−  A/2+B/2 0.0321035575>0 
1 = X 

=-0.75 
A/2+B/2 -0.01623637572<0 

2 X 
=-0.775 

= A/2+B/2 0.00806771461>0 

3 = X 
=-0.7625 

A/2+B/2 -0.00405077568<0 

4 X 
=-0.77875 

= A/2+B/2 0.0020168552>0 

5   -0.765625  
 
So the root accurate to 2 decimal places is 77.0−=α . Other roots are found in a similar manner 
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3. Write the equation in two different ways to be solved by the Simple-Iterative Method. 
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4. Comment on the possibility of finding real roots by these two ways. 
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Therefore the root in )1.4,9.3( cannot be found by this method 
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Therefore the root in )1.2,9.1( cannot be found by this method 
 
 

1. Use the Secant method to find the real roots. 
 
Secant(Chord) Method by CASIO fx-991ES 
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 Y X  Formula 
=(Y(2^X-X^2)-X(2^Y-Y^2)/( (2^X-X^2)- (2^Y-Y^2)) 

0 8.0−  7.0−  -0.7656679309 
1 X 

=-0.7 
Ans 
=-0.7656679309 

-0.7666949268 

2 X 
=-0.7656679309 

Ans 
=-0.7666949268 

-0.7666646826 

Other roots can be found in a similar manner 
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Error calculations with Secant(Chord) method and the Regular-Falsi(False Position) methods will not be 
discussed. 
 
 

2. Find the number of iterations required to find the answers accurate to the 4th decimal place by the 
Newton-Rapson method and find the roots to this accuracy. 
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Assume that 022ln2)( =−=′ xxf x  at a root of )(xf  
 
Then  

⇒≈==⇔=−=−=′ 885390082.2
2ln

2,00)22ln(22ln)( 2 xxxxxxxf x is not a root of )(xf  

Hence 0)( ≠′ xf  at a roots of )(xf  
Therefore the Newtor-Raphson method can be used to find all the roots. 
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057532746.2
2ln

)2ln(ln22ln
)2(ln

2202)2(ln2)(

22ln2)(

2
2 ≈=

−
=⇔=⇔=−=′′

−=′

βxxf

xxf

xx

x

 

 
Also ±∞→x , ∞→′ )(xf , therefore β=x is a minimum of )(xf ′  
 
 Also 022967541.1)( <−≈′ βf  
and 

547666999.2)9.3(
228412985.1)1.2(
21308325.1)9.1(
826682139.1)7.0(

=′
−=′
−=′
=−′

f
f
f
f

 

 
Therefore 0)( =′ xf only once in each of )9.1,7.0(−  and )9.3,9.1( . 
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Also 0)( ≠xf and 0)( ≠′′ xf on these intervals. 
Therefore ±∞→′ )(xg  once in each of )9.1,7.0(−  and )9.3,9.1( . 
 
Considering these and other conditions one can draw a rough sketch of )(xg′ as follows 
 

 
 
From the graph we see 
 

)(xg′ is decreasing on )7.0,8.0( −−   

90641357187.0)7.0()(0
70283499595.0)(90641357187.0

)8.0()()7.0(

≈−′<′<⇒

<′<−⇔
−′<′<−′⇔

gxg
xg

gxgg
 

On )7.0,8.0( −− ; rgxg =<≈−′<′ 065.090641357187.0)7.0()(  
 
 

)(xg′ is increasing on )2,9.1(   

40171703463.0)9.1()(0
0)(40171703463.0

)2()()9.1(

≈′<′<⇒

<′<−⇔

′<′<′⇔

gxg
xg

gxgg
 

 
)(xg′ is decreasing on )1.2,2(   

10048663360.0)1.2()(0
0)(10048663360.0

)2()()1.2(

≈′<′<⇒

<′<−⇔

′<′<′⇔

gxg
xg

gxgg
 

 
On )1.2,9.1( ; rgxg =<≈′<′ 018.040171703463.0)9.1()(  
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)(xg′ is increasing on )1.4,9.3(   

2243091074.0)9.3()(0
1553532351.0)(2243091074.0

)1.4()()9.3(

≈′<′<⇒

<′<−⇔

′<′<′⇔

gxg
xg

gxgg
 

 
On )1.4,9.3( ; rgxg =<≈′<′ 225.02243091074.0)9.3()(  
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On )7.0,8.0( −− ; rxg =<′ 065.0)(  
 

7455183322.6
65ln10ln2

10ln32ln
65ln10ln3

10ln410ln2ln

065.0
1ln

10ln4)8.0()7.0(2ln
=⇐≈

−
+

=
−
+−

=
+−−−

> nn  

 
Lets do the iterations starting from 75.00 −=x  

 
 
So the root accurate to 4 decimal places is 7667.0−=α  
 
On )1.2,9.1( ; rxg =<′ 018.0)(  
 

3064540166.2

018.0
1ln

10ln4)9.1()1.2(2ln
=⇐≈

+−
> nn  

 
Lets do the iterations starting from 95.10 =x  
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So the root accurate to 4 decimal places is 0000.2=α  
 
On )1.4,9.3( ; rxg =<′ 225.0)(  
 

656030069.5

225.0
1ln

10ln4)9.3()1.4(2ln
=⇐≈

+−
> nn  

Lets do the iterations starting from 05.40 =x  

 
 
So the root accurate to 4 decimal places is 0000.4=α  
 
Testing the Roots with MATHEMATICA 
 

 
 
This shows that the answers are correct to the given decimal places 
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2 and 4 are the only positive integers satisfying xy yx =  
The only negative integers are -2 and -4. 

3. Use a suitable method to find at least one complex root. 
We use the Newton Raphson method with ix 10100 +=  

 
 
So i 1122631558511.9536789+69779272747.65450649≈α  
 
Trying with a built in functions of MATHEMATICA 

 
Note: Rounding error at each iteration is not considered in any of the discussions. However the author has 

shown that e
r

rxrx
n

n
n −

−
+−<−

+

1
1 1

0αα  

Where ( )1−= nn xgx  and exx nn <−  
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Consider the following table 
 

x  y  
1 2 
2 3 
4 6 
5 7 

 
What we have are discrete data points as follows 

 
 

1. What is the Least Degree of the Polynomial that passes through all these points?. 
Here we have 4 points )7,5(),6,4(),3,2(),2,1( . In other words we have 4 information. As these data are all 
different, we can find 4 unknown coefficients uniquely by using these information. If 

)(),(),(),( xkxhxgxf are 4 different known functions we can combine them linearly using 4 unknowns 
dcba ,,, to produce )(xy as )()()()()( xdkxchxbgxafxy +++= . 

The simplest of functions are 1)(,)(,)(,)( 23 ==== xkxxhxxgxxf  which gives 
dcxbxaxxy +++= 23)( which is a cubic(third degree) polynomial. It has 4 coefficients and is the least 

degree having 4 coefficients. These polynomials which exactly pass through all the points are called 
Lagrange Polynomials. 
Answer: 3 
 

2. Find this polynomial by Matrix inversion. 
 

To find coefficients we let ii yx , agree with those given in the table and get 4 simultaneous equations of 
dcba ,,, . 

7525125)5(
641664)4(

3248)2(
2)1(

=+++=
=+++=

=+++=
=+++=

dcbay
dcbay

dcbay
dcbay

 

Which give the following matrix equations 
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Clearly the matrix X is non singular. 1−X can be found in lot of ways. The most efficient method is the 
Gauss Elimination. So the final result is 
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2,
3
2,

4
3,

12
1

=−==−= dcba . 

Therefore the polynomial is 

2
3
2

4
3

12
1)( 23 +−+−= xxxxy  

It is guaranteed that  
7)5(,6)4(,3)2(,2)1( ==== yyyy  so that the curve will exactly goes through these 4 points 

 

2 3 4 5

3

4

5

6

7

 
 

 
3. Find the polynomial by Lagrange Method. 

It is very difficult to find the above polynomial by matrix inversion. So we assume the polynomial in the 
Lagrange form as follows 

))()(())()((
))()(())()(()(

21033102

32013210

xxxxxxaxxxxxxa
xxxxxxaxxxxxxaxy

−−−+−−−+
−−−+−−−=

 

Clearly this is a 3ed degree polynomial and has 4 coefficients 3210 ,,, aaaa . The x terms with 0a is not having 
)( 0xx −  and the x terms with 1a is not having )( 1xx − and so on. As a result for example if we put 0xx = all 

the other terms except for the first term with 0a will cancel out when we put 0xx =  giving us a very easy 
method of finding 0a  

))()((
))()(()(

302010

0
0030201000 xxxxxx

y
ayxxxxxxaxy

−−−
=⇒=−−−=  

This method is called the Lagrange Method of finding coefficients. 
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For the problem given  

x  y  
10 =x  20 =y  
21 =x  31 =y  
42 =x  62 =y  
53 =x  73 =y  

Therefore 
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So the polynomial is 

)4)(2)(1(
12
7)5)(2)(1()5)(4)(1(

2
1)5)(4)(2(

6
1)( −−−+−−−−−−−+−−−−= xxxxxxxxxxxxxy  

Although the process of finding coefficients is much easier than matrix inversion, the polynomial is complex 
looking. However by expanding 
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It is also clear that finding the polynomial by Lagrange manner is not so good, especially when the number 
of points is high. Although the curve will exactly pass through all the points, the curve will try to do it 
“somehow” making the intermediate values “unreliable”. 
The solution is break the graph into several pieces and to have a Piecewise Functions.  
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4. Fit the data by piecewise polynomials of degree1. 
Here the data are grouped as follows 

x  y  
10 =x  20 =y  
21 =x  31 =y  

We can find the polynomial by the Lagrange method 

1)1(3)2(2)1(
)12(

3)2(
)21(

2)(
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)(
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10
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= xxxxxxx
xx
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x  y  

20 =x  30 =y  
41 =x  61 =y  

We can find the polynomial by the Lagrange method 

xxxxxxx
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y
xx
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xy
2
3)2(3)4(
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x  y  
40 =x  60 =y  
51 =x  71 =y  

We can find the polynomial by the Lagrange method 

2)4(7)5(6)4(
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Therefore the functions is 
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The resulting graph is 

2 3 4 5
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7

 

Note that the function is not differentiable at 2=x  and 4=x . In fact 
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This date can also be fitted piecewise by one quadratic polynomial and one linear one. 
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Here the data are grouped as follows 
 

x  y  
10 =x  20 =y  
21 =x  31 =y  
42 =x  62 =y  

We can find the polynomial by the Lagrange method 
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Last section is identical to the above linear piecewise polynomial and hence the polynomial with 

x  y  
40 =x  60 =y  
51 =x  71 =y  

2)( += xxy  
Therefore the functions is 

⎪⎩

⎪
⎨
⎧

≤≤+

≤≤++=
54;2

41;
3
4

2
1

6
1

)(
2

xx

xxxxy  

And the graph is 
 

 
 

Note also that 
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)4(y  so the function is not 

differentiable at 4=x . 
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If in addition if )(xy′  values are also given we can increase the degree of the polynomial to meet these 
requirements. The resulting polynomial is called the Hermit Polynomial. 
For example assume that the following table is given  
 

x  y  y′  
1 2 0 
2 3 1 
4 6 2 
5 7 0 

 
Then we have 8 date and we can assume a 7th degree polynomial 
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So the )(xy and its graph are  
 

 
 
 

 
And )(xy′ and its graph are  

 
 

 
 

5. Fit the data by spline polynomials of degree 2. 
When )(xy′ is not given, we can assume a higher degree polynomial and use the condition for continuity as 
an additional data to make )(xy also continuous at 4,2=x . 
 
 

 
If we assume second degree ie cbxaxxy ++= 2)( . Since there are 4 points and 3 intervals we have to 
assume 3 such equations making the variables to be found equals to 933 =× . 
By the given data points we can make 62)24(2 =+−×  equations. Differentiability at the two internal 
points give us 2 equations. Altogether we have 8 equations. So we need only one more equation. Some 
possibilities to make the last equation is existsyexistsyyyyy )4(,)2(),5()1(,0)5(,0)1( ′′′′′=′=′=′   
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Note also that we can’t make )(xy double differentiable at both 2=x  and 4=x . So we will make )(xy  
Double differentiable only at .2=x  
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Graphs are as follows 
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Suppose in general that we have n number of points. So there are 2−n  internal points. At each internal 
point we can write 2 equations. So we get 42)2(2 −=− nn  equations. At the 2 external points we can write 
2 more equations making the total number 22242 −=+− nn   of equations due to )(xy . 
At each internal point we can make the function differentiable hence we get 2−n  more equations. Also we 
can let 0)( =′ xy at the two end points. So the total number of equations due to )(xy′  is nn =+− 22 .  
At each internal point we can also make the function twice differentiable hence we get 1−n  more equations. 
So the number of equations due to )(xy ′′ is 2−n .  
Therefore the total number of equation we can write using )(),(),( xyxyxy ′′′ is  

)1(444222 −=−=−++− nnnnn  . 
Note that there are 1−n  intervals; therefore we can find 4 unknowns for each interval.  
It is clear from this discussion that a cub polynomial can be fitted for each interval with these properties. 
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To do this for the given data  
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So )(xy  is both differentiable and double differentiable at points 2=x  and 4=x .  
The graphs of )(),(),( xyxyxy ′′′ are given below. 
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6. Fit the data by least square polynomial of degree 1, 2 and 3. 

 
All the methods discussed previously are exact in the sense that they assume that the data points are exactly 
correct. But normally know is that there are errors. Also we may know the behavior in advance and want to 
find a physical quantity like gravitational acceleration by doing this experiment.  
Suppose that we know that the data are linearly related. This means that you are going to predict  

)(xy  by baxxy +=)(ˆ  
But how to find ba, ?. If we have n number of points, the error at the ix  is 

)(ˆ)(ˆ)( baxyyyxyxyE iiiiiii +−=−=−= . So the sum of square error is 

( )
2

11

2 )(∑∑
==

+−=
n

i
ii

n

i
i baxyE . Note that this value changes when we change ba, . That is to sat that this value 

is a function of the two variables ba, . This means 

( )
2

1
)(),( ∑

=

+−=
n

i
ii baxybaE .  

Now we can find ba, so that ),( baE is minimized. Then at such points 
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So we have the following system of equations to solve 
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It can be shown that these corresponds to a minimum 
For the given data set we do the computation as follows 
     sum 

ix  1 2 4 5 12 

iy  2 3 6 7 18 
2
ix  1 4 16 25 46 

ii yx  2 6 24 35 67 
Hare 4=n  
Now the matrix is 
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So the least square line is 
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Following show the graph 
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One can do the same procedure by assuming a second degree polynomial cbxaxxy ++= 2)(ˆ . So the final 
matrix will be 

⎟
⎟
⎟
⎟
⎟
⎟
⎟

⎠

⎞

⎜
⎜
⎜
⎜
⎜
⎜
⎜

⎝

⎛

=
⎟
⎟
⎟

⎠

⎞

⎜
⎜
⎜

⎝

⎛

⎟
⎟
⎟
⎟
⎟
⎟
⎟

⎠

⎞

⎜
⎜
⎜
⎜
⎜
⎜
⎜

⎝

⎛

∑

∑

∑

∑∑

∑∑∑

∑∑∑

=

=

=

==

===

===

n

i
i

n

i
ii

n

i
ii

n

i
i

n

i
i

n

i
i

n

i
i

n

i
i

n

i
i

n

i
i

n

i
i

y

yx

yx

c
b
a

nxx

xxx

xxx

1

1

1

2

11

2

11

2

1

3

1

2

1

3

1

4

 

     sum 
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2
ix  1 4 16 25 46 
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So the 2nd degree least square polynomial is 
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Note that it is actually the 1st degree least square polynomial. This can happen, but not in general 
Using the same arguments to the earlier one can do the same procedure by assuming a third degree 
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When 4=n one can notice that this is same as 
 

⎟⎟
⎟
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⎠

⎞
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⎝
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⎜
⎜
⎜
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⎟
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⎜
⎜
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⎜
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3
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4
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4
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3
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3
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2
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1
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3
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d
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xxxx
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( ) ( ) YXAYXAYXXXAXXYXXAX TTTTTT 111 −−− =⇒=⇒=⇒=  

 
In other words this reduces to  
 

⎟⎟
⎟
⎟
⎟

⎠

⎞

⎜⎜
⎜
⎜
⎜

⎝
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=
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⎟
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⎛
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⎞

⎜
⎜
⎜
⎜
⎜

⎝

⎛
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1

4
2
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3
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3
2
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3
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2
2
2

3
2

1
2
1

3
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1
1
1
1

y
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y
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d
c
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a

xxx
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 . 

This is actually leading to the Lagrange Polynomial that we found earlier. 
 
This is expected as we have 4 points and because cubic polynomial has 4 unknowns. 
In other wards Lagrange polynomial is actually a kind of least square polynomial where the least square 
error is 0. 

Answer 2
3
2

4
3

12
1)( 23 +−+−= xxxxy  

 
7. Find )6.1(y and )1.6(y  by all these methods. 

 
 
Method Degree )(xy  )6.1(y  )1.6(y  
Lagrange 3-3-3  

2
3
2

4
3

12
1)( 23 +−+−= xxxxy  

 

2.512 6.92575 

Piecewise 
Lagrange 

1-1-1  

⎪
⎩

⎪
⎨

⎧

≤≤+

≤≤

≤≤+

=

54;2

42;
2
3

21;1

)(

xx

xx

xx

xy  

 
 

2.6  

 2-1 

⎪⎩

⎪
⎨
⎧

≤≤+

≤≤++=
54;2

41;
3
4

2
1

6
1

)(
2

xx

xxxxy  

 

2.56  

Piecewise 
Hermite 
(Spline) 

2-2-2 

⎪
⎩

⎪
⎨

⎧

≤≤−+−

≤≤++
=

54;
3

44
2

17
6
5

41;
3
4

2
1

6
1

)(
2

2

xxx

xxx
xy  

2.56 10.585 
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 3-3-3 

⎪
⎪
⎪

⎩

⎪⎪
⎪

⎨

⎧

≤≤+−+−

≤≤

≤≤+−+−

=

54;32
2
456

2
1

42;
2
3

21;4
2
93

2
1

)(

23

23

xxxx

xx

xxxx

xy

 

2.432 4.5195 

Least 
Square 

1 
6.03.1

5
3

10
13)(ˆ +=+= xxxy  

2.68 8.53 

 2 
6.03.1

5
3

10
130)(ˆ 2 +=++= xxxxy  

2.68 8.53 

 3 
2

3
2

4
3

12
1)(ˆ 23 +−+−= xxxxy  

2.512 6.92575 

 
 
We can find ∫′′′ dxxyxyxy )(),(),( also by doing the respective operations on these functions. 
However )(),( xyxy ′′′ should exist to find them and hence we need at least Piecewise Hermit polynomials 
for this.  
But integration does not require differentiability and hence Piecewise Lagrange polynomials are 
sufficient to find ∫ dxxy )( . This part of Numerical Methods is called Numerical Integration and will be 
discussed in detail in the next chapter. 
 
 
It is very clear that there are infinitely many curves pass these 4 points. This is only one of them  
Another curve can be found by setting dxxcxbaexz x +++= lnsin)( . That is  

xxkxxhxxgexf x ==== )(,ln)(,sin)(,)( . Than we get 
 
 
       

The resultant graphs are 

2 3 4 5

3

4

5

6

7

 
 
Also such functions can be used to find Piecewise Lagrange, Hermit or even Least Square 
approximations. 
 
Some of these calculations can be done using your calculators. See the   catalogue for regression 
analysis. 

You are not supposed to get inverses of large matrices manually. They are for illustration purposes only. 

=)(xy
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Consider the CDF (Cumulative Distribution Function) of the Standard Normal Distribution 

( ) dtexF
x t

∫
∞−

−
= 2

2

2
1
π

 

Find the value of )2()2( <<−∞= xPF  using  
1. Normal Tables 

  0.4772 
 

2. DISTR function in your calculator 
 
 Q(2)=0.47725 
 

3. INTEGRATION function in your calculator 
 

∫ =÷÷− 4772498681.0)2,0,)2()22^(^( πXe  

 
See the catalogue of the calculator to find the methods that it uses to find the integral. 

∫ =÷÷− 4772498681.0)10,2,0,)2()22^(^( πXe  

 Normally the last number 100 means 102=n  
 
Find the number of intervals needed to find the above integral accurate to 5 decimal places by each of the 
methods below.  

Absolute error terms is given as follows for ∫
b

a

dxxf )(  with ),( ba∈ξ  

1. Trapezoidal Rule ( )ξ)2(
2

12
)( fhab −  

 
In the Trapezoidal rule points are found by sampling the given function )(xf  and pricewise Lagrange 
Polynomial )(xy of degree1 (straight line) is found and the area is found by integrating )(xy  
 
We know that )2()2( <<−∞= xPF  

( ) dtedtedtedteF
tttt

∫∫∫∫
−−

∞−

−

∞−

−
+=+==

2

0

2
2

0

2
0

2
2

2

2222

2
1

2
1

2
1

2
1

2
12

ππππ
 

Therefore what we actually have to find is the integral dte
t

∫
−

2

0

2

2

 

Let 2

2

)(
x

exf
−

= , 0=a and 2=b  
 

)3().1()2()(

)1()(

)(

22222

2222

2

222

222

2

−−=−−+=′′′

−=−⎟
⎟
⎠

⎞
⎜
⎜
⎝

⎛
−−=′′

−=′

−−−

−−−

−

xxexexxexf

xeexexxf

xexf

xxx

xxx

x
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So the critical points of )(xf ′′ are given by 

3,0,30)3()( 22

2

−=⇔=−=′′′
−

xxxexf
x

 
We divide the region into 4 as  

)3,( −−∞ : )(0)2( xff ′′⇒>−′′′ is increasing on this interval.(actually we do not need this interval) 
)0,3(− : ( ) )(01 xff ′′⇒<−′′′ is decreasing on this interval.(actually we do not need this interval) 

)3,0( : ( ) )(01 xff ′′⇒>′′′ is increasing on this interval. 
),3( ∞ : ( ) )(02 xff ′′⇒<′′′ is decreasing on this interval.(actually we do not need ),2( ∞ interval) 

Therefore  
)(xf ′′ is increasing on )3,0( and decreasing on )2,3(  (actually )(xf ′′ has a maximum at 3 ) 

Therefore we check with )1()( 22

2

−=′′
−

xexf
x

 

6766764162.033)2(

4462603203.022)3(

1)0(

2
2

3
2
3

−≈==′′

≈==′′

−=′′

−

−

e
ef

e
ef

f

 

Therefore on )2,0( : 1)( ≤′′ xf  

 
This is seen from the graph of )(xf ′′  
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366
1483717.365

10
3
4

10
2
11

12
)02()(max

12
)()(max

12
)()()(

52

5
2

3

2

32

1

=⇐
>⇐

>⇐

<
−

≤′′−
=′′−

≤− −∫∫

n
n

n

n
xf

n
abxfhabdxxpdxxf

b

a

b

a

 

 
Also find the above integral accurate to 5 decimal places using any of the above two method. 
However these n values are much larger than needed since the upper bound of the error is too high. 
We will do the illustration with. 
 
We sum using MATHEMATICA 

 
 
We will illustrate the procedure with Let 10=n  
 

So 2.0
10

02
=

−
=

−
=

n
abh  

The Trapezoidal Rule is ( )( )nn

b

a

yyyyyhdxxy +++++= −∫ 1210 ........2
2

)(  

 
r  rx  )()( rrr xfxyy ==   
0 0 1  1 
1 0.2  0.9801986733 1.960397347 
2 0.4  0.9231163464 1.846232693 
3 0.6  0.8352702114 1.670540423 
4 0.8  0.7261490371 1.452298074 
5 1.0  0.6065306597 1.213061319 
6 1.2  0.4867522560 0.9735045119 
7 1.4  0.3753110989 0.7506221977 
8 1.6  0.2780373005 0.5560746009 
9 1.8  0.1978986991 0.3957973982 
10 2.0 0.1353352832  0.1353352832 
    11.95386385 
 

4768901703.0
2
1

1195386385.05)11.9538638(
2
2.0

2

0

2

2

0

2

2

2

≈

=≈

∫

∫
−

−

dxe

dxe

x

x

π
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Find the number of intervals needed to find the above integral accurate to 5 decimal places by each of the 
methods below.  

Absolute error terms is given as follows for ∫
b

a

dxxf )(  with ),( ba∈ξ  

2. Simpson’s Rule ( )ξ)4(
4

180
)( fhab −  

 
In the Simpson’s rule points are found by sampling the given function )(xf  and pricewise Lagrange 
Polynomial )(xy of degree2 (Quadratic) is found and the area is found by integrating )(xy . 
Therefore the divisions n must be even 
 
The calculation is similar to the Trapezoidal rule but more complex since we have to find an upper bound for 

( )xf )4( instead for ( )xf )2( . We will not do it here. 
 
 
Also find the above integral accurate to 5 decimal places using any of the above two methods. 
 
 
We will illustrate the procedure with Let 10=n which is even 

So 2.0
10

02
=

−
=

−
=

n
abh  

The Simpson’s Rule is 

( ) ( )( )nnn

b

a

yyyyyyyyhdxxy +++++++++= −−∫ 2421310 ......2.....4
3

)(  

 
r  rx  )()( rrr xfxyy ==   
0 0 1   1 
1 0.2  0.9801986733  3.920794693 
2 0.4   0.9231163464 1.846232693 
3 0.6  0.8352702114  3.341080846 
4 0.8   0.7261490371 1.452298074 
5 1.0  0.6065306597  2.426122639 
6 1.2   0.4867522560 0.9735045119 
7 1.4  0.3753110989  1.501244395 
8 1.6   0.2780373005 0.5560746009 
9 1.8  0.1978986991  0.7915947963 
10 2.0 0.1353352832   0.1353352832 
     17.94428253 
 

4772488662.0
2
1

196285502.13)17.9442825(
3
2.0

2

0

2

2

0

2

2

2

≈

=≈

∫

∫
−

−

dxe

dxe

x

x

π

 

 
 
Simpson’s rule is not always more accurate than the Trapezoidal rule. 
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Consider the following system of equations 
 

    
21352
1473
17235

=++
=−+
=++

zyx
zyx
zyx

 

 
1. Write the system in the matrix form BAX = . 
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z
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2. Find A and comment on the nature of solution. 

 
3. Solve the system by matrix inversion. 
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2
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1
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352
173

235 1

1BAX  

  
4. Find reduced raw echelon form of the augmented matrix )|( BA and comment on the nature of 

solution. 
 

5. Find the solution by back substitution. 
6. Solve the system by the Gauss elimination method (same as 4. and 5.). 
7. Find the solution by finding the reduced raw echelon form of the augmented matrix )|( BA . 
8. Solve the system by Gauss-Jordan elimination method (same as 7.). 
9. Find the matrices GH ,  such that GHXX nn +=+1 to solve the system by the Gauss-Jacobi method. 

 

21352
1473
17235

=++
=−+
=++

zyx
zyx
zyx

 ⇒  

3
21

3
5

3
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7
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7
3

5
17

5
2

5
3

+−−=

++−=

+−−=

yxz

zxy

zyx

 ⇒  

3
21

3
5

3
2

7
14

7
1

7
3

5
17

5
2

5
3

1

1

1

+−−=

++−=

+−−=

+

+

+

nnn

nnn

nnn

yxz

zxy

zyx

 

 

⎟
⎟
⎟
⎟
⎟
⎟

⎠

⎞

⎜
⎜
⎜
⎜
⎜
⎜

⎝

⎛

+
⎟
⎟
⎟

⎠

⎞

⎜
⎜
⎜

⎝

⎛

⎟
⎟
⎟
⎟
⎟
⎟

⎠

⎞

⎜
⎜
⎜
⎜
⎜
⎜

⎝

⎛

−−

−

−−

=
⎟
⎟
⎟

⎠

⎞

⎜
⎜
⎜

⎝

⎛

+

+

+

3
21
7

14
5

17

0
3
5

3
2

7
10

7
3

5
2

5
30

1

1

1

n

n

n

n

n

n

z
y
x

z
y
x

⇒ GHXX nn +=+1  
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10. Find 
1

H and 
∞

H and see whether it is possible to make a comment on the convergence. Otherwise 
find )(Hρ and comment on the convergence. 

 
Maximum absolute column sum norm 

1
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1
3
7

3
7,

7
4,1max0

3
5

3
2,

7
10

7
3,

5
2

5
30max

max

>=
⎭
⎬
⎫

⎩
⎨
⎧=

⎭
⎬
⎫

⎩
⎨
⎧

+
−

+−++−−+−+=

⎭
⎬
⎫

⎩
⎨
⎧

= ∑∞
j

iji
mM

 

convergence 1)( <⇔ Hρ  and HH ≤)(ρ   where H is any norm .  
This means 

⇔<⇒< 1)(1 HH ρ convergence. 

Here  1>H hence we cannot make a comment about the convergence based on H  
 
Therefore we have to find  

{ }ii
H λρ max)( =  the spectral radius of H where iλ are the eigenvalues of H which are the roots of the 

characteristic polynomial IHHIp n λλλ −−=−= )1()(  
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⇔=+−=−−=−= 0
35
8

7
2)1()( 33 λλλλλ IHHIp  

546748.0,546748.0,764623.0
39086.0382311.0,39086.0382311.0,764623.0

≈⇒

−+−≈

λ
λ ii

 

{ } { } 1764623.0546748.0,546748.0,764623.0maxmax)( <=≈= ii
H λρ  
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Therefore the process converges. 
 

11. If the process is not converging with the current H , modify the system until the convergence 
requirements are met. 

When required this can be done by interchanging variables, interchanging or adding equations.  
It is clear from the definitions of 

1
H and 

∞
H that they become less(as a result )(Hρ becomes less) if we 

get smaller numbers as the elements of H . This will happen if the diagonal of A having large numbers. 
 
 

12. Find the solution by the Gauss-Jacobi method. 
 

 
 
 

13. Repeat the questions 9. through 12. with the Gauss-Seidel method. 
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Convergence criteria are same as above.  
But since this method updates variables at each step, therefore a faster rate of convergence is expected.  
This is seen from the following 

 


