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MODEL QUESTIONS WITH SOLUTIONS   

MA(101) 

VECTORS  AND 3-D GEOMETRY  

Q 1.  Determine the lengths |OP|  of the vectors OP given that 0 is the origin and the points P are: 

(a)  (1,3,4)   (b)  (2,4,5)      (c)   (4,0,2)    

 Solution: .  (a) k4j3iOP   26)431()k4j3i()k4j3i(OP 222   

(b) k5j4i2OP   45)542()k5j4i2()k5j4i2(OP 222   

(c) k2j0i4OP   20)204()k2j0i4()k2j0i4(OP 222   

   

Q2. Find the lengths |OP| , the direction cosines and the angles ),,( 321   of the vectors OP, 

where the points P are:  

(a) (2,-I,-1);      (b) (4,0,2);        (c) (- 1,2,1). 

Solution:  (a) kji2OP   6)112(OP 222  , ,
6

kji2

OP

OP 
 then 

6

2
cos 1  ,

6

1
cos 2


  and  

6

1
cos 3


 . 

(b) k2j0i4OP   20)204(OP 222  , ,
20

k2j0i4

OP

OP 
 then  

20

4
cos 1  , 0cos 2   

and  
20

2
cos 3   

(c) k1j2iOP   6)121(OP 222  , ,
6

kj2i

OP

OP 
 then  

6

1
cos 1


 ,

6

2
cos 2   

and  
6

1
cos 3   

 

Q3. Find the direction ratios, the direction cosines and the angles ),,( 321   of the vectors OP 

where the points P are: 

(a) (1,1,1);        (b) (-1,1,1);         (c) (21,-1). 

Solution :  

 (a) kjiOP   then direction ratios  line OP is 1:1:1  

3)111(OP 222  , ,
3

kji

OP

OP 
 then direction cosine of line OP : 

3

1
cos 1  ,

3

1
cos 2   and  

3

1
cos 3   
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(b) kjiOP   then direction ratios  line OP is 1:1:1  

3)111(OP 222  , ,
3

kji

OP

OP 
 then direction cosine of line OP : 

3

1
cos 1


 ,

3

1
cos 2   and  

3

1
cos 3   

(c) kji2OP   then direction ratios  line OP is 1:1:2   

6)112(OP 222  , ,
6

kji2

OP

OP 
 then direction cosine of line OP : 

6

2
cos 1  ,

6

1
cos 2   

and  
6

1
cos 3


  

Q4. Determine the angles ),,( 321   for the vectors with the direction cosines: 

(a)  

























3

7
,

3

1
,

3

1
,

3

1
,

3

1
,

3

1
)b(,

2

1
,0,

2

3
 

 

Solution: (a) 

3/and2/,6/

2

1
cos,0cos,

2

3
cos,

2

1
,0,

2

3












 

(b) 
3

1
cos

3

1
,

3

1
,

3

1 1








 

( c) 
3

7
cos,

3

1
cos,

3

1
cos

3

7
,

3

1
,

3

1 111  








  

Q5. Determine the lengths |AB|  of the vectors AB, given that the end points A and  B.  Use your 

results to determine the direction cosines for each of these vectors. 

     (a) A=(1,1,1), B=(2,O,6)  

 (b) A=(2,-1,1), B=(-2,2,2) 

 (c) A=(-1,3,1), B=(-2,-1,0). 

Use your results to determine the direction cosines for each of these vectors. 

Solution:  

,
27

5
cos,

27

1
cos,

27

1
cos

.27511ABandk5jiAB 222








 

 (b)   A=(2,-1,1), B=(-2,2,2) 

,
18

1
cos,

18

1
cos,

18

4
cos

.18114ABandkji4AB 222








 

 (c) A=(-1,3,1), B= (-2,-1,0). 

.18141ABandk1j4iAB 222   
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,
18

1
cos,

18

4
cos,

18

1
cos





  

Q(6). Write down the position vectors OP in terms of the unit vectors i, j, k given that 0 is the origin 

and the points P are:  (a)  (1,1,1)   (b)   (2,3,4)      (c)  (1,2,3) 

Solution:  

(a)  (1,1,1) ,kjiOP    (b)   (2,3,4)  ,k4j3i2OP      (c)  (1,2,3) ,k3j2iOP   

Q(7).  Determine the values of  and,  in order to that: 

k2j3i
2

1
k)2(j)1(i)1( 2   

Solution:  

Equating i, j and k components 

   
2

1

2

1
)1(  and43)1( 2  4,2)2(   

Q(8).  Form the sum ba   and difference ba   of the vectors: 

         (a) k2j3i3a        k2jib   

 (b) k2j2ia        k2jib   

      (c) k2ji3a        k2j3ib   

Solution:  

(a) k2j3i3a     k2jib   

k4j4i4ba   j2i2ba   

  

(b) k2j2ia        k2jib   

jba  k4j3i2ba   

(c) k2ji3a        k2j3ib   

k4j4i4ba  j2i2ba   

 

  Q(9).  State which of the following pairs of vectors a and b are parallel and which are   anti-parallel: 

       (a) kj3ia            k4j12i4b   

      (b) kj3i2a        kj3i2b   

      (c) k3ji4a            k3j2i3b   

Solution:  

      (a) kj3ia            k4j12i4b  ,a//b,a4b   

      (b) kj3i2a        kj3i2b          ,a//b,ab   

      (c) k3ji4a            k3j2i3b       are,aandb anti parallel. 

 

Q(10). Express the following vectors a as the product of a scalar and a unit vector: 

(a) kj3i2a    (b) kj3i2a    (c) k3ji4a   

Solution:  

(a) kj3i2a   ,
14

kj3i2

a

a 
  vectorunittimes14a   

 

(b) kj3i2a    ,
14

kj3i2

a

a 
 vectorunittimes14a   
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(c) k3ji4a    ,
26

k3ji4

a

a 
  vectorunittimes26a   

Q(11). Find the vectors AB , and their direction cosines given that A and B have position vectors a 

and b, respectively, where 

       (a) k2j3ia            k4jib   

      (b) kj3i2a        kji2b   

      (c) kji4a            k3j2i3b   

Solution:  

(a) k2j3ia            k4jib   

k6j4i2abAB   direction cosines of AB  is  6:4:2   

 (b) kj3i2a        kji2b   

k2j4i4abAB   direction cosines of AB  is  2:4:4   

 (c) kji4a      k3j2i3b   

k2j3iabAB   direction cosines of AB  is  2:3:1  

 

Q(12).  Find the scalar products ba   and hence find the angle between the vectors a and  b   given 

that: 

(a) kj3ia        k4j12i4b    

(b) kj3i2a        kj3i2b   

(c) k3ji4a            k3j2i3b   

Solution: 

(a) kj3ia        k4j12i4b   444364ba   

(b) kj3i2a        kj3i2b  44494ba   

(c) k3ji4a            k3j2i3b  19212ba   

 

Q13. Find unit vectors parallel to the vectors a where: 

(a) kj3ia      (b) kj3i2a     (c) k3ji4a   

Solution: 

(a) kj3ia      Unit vector parallel to kj3ia   is ,
11

kj3i

a

a 
  

(b) kj3i2a   Unit vector parallel to kj3i2a   is ,
14

kj3i2

a

a 
  

 

  (c) k3ji4a   Unit vector parallel to k3ji4a   is ,
26

k3ji4

a

a 
  

 

Q(14).  Evaluate the vector products axb   given that: 

          (a)   kj3i2a        kj3i2b   

         (b)     kjia           k3j4i2b    

        (c)      kjia           k2j2i2b   
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Solution: 

(a)   kj3i2a        kj3i2b   0

132

132

kji

axb 



  

( b) kjia    k3j4i2b 

111

342

kji

axb



 k6j5iaxb   

(c)  kjia    k2j2i2b 

111

222

kji

axb



 j4i4axb   

Q(15). Evaluate the triple scalar products )cxb(a   and )cxa(b   given that: 

(a)   kj3i2a   kj3i2b   and  k3ji4c    

Solution:  

0

314

132

132

)cxb(a 







 0

314

132

132

)cxa(b 







  

(b)  kj3ia        k4j12i4b   and k2j2i2c   

0

222

4124

131

)cxb(a 



 0

222

131

4124

)cxa(b 



  

Q(16). Prove that if a, b, and c form three edges of a parallelepiped all meeting at a common point, 

then the volume of this solid figure is given by |a . (b x c)|. Deduce that the vanishing of the triple 

scalar product implies that the vectors a, b, and c are co-planar (that is, all lie in a common plane). 

Solution:  

The scalar quantity )cb.(a   is known as the scalar triple product of cxb  and   a . It is often denoted  

by               c  ,b  ,a  .  

The magnitude of this quantity is the volume of the parallelopied formed by the vectors ,b ,a  and c   

, i.e. θcos|cxb||a|)cb.(a  ,θ  being the angle between ,a  and cxb  
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Let c,b,a  be three given vectors. We can permute the three given vectors in six different ways. Also 

each manner of writing down the three vectors gives rise to two scalar triple products depending 

upon the positions of dot and cross. Thus, we have the following twelve scalar triple products 

b)ac(,a)cb(,c)ba(b)ac(,a)cb(,c)ba(   

a)bc(,c)ab(,b)ca(,a)bc(,c)ab(,b)ca(   

We shall now prove the following two important results 

(i). A cyclic permutation of three vectors does not change the value of the scalar triple product and an 

anti-cyclic permutation changes the value in sign but not in magnitude. 

(ii). The positions of dot and cross can be interchanged without any change in the value of the scalar 

triple product. 

Firstly suppose that c,b,a  is a right-handed system so have c)ba(V   . 

The vector triads a,c,b  and a,c,b are also right-handed and the parallelopiped with OA, OB, OC as 

adjacent  edges is the same as that with OB, OC, OA or with OC, OA, OB as adjacent edges. Thus, 

  ]a,c,b[V    and ]b,a,c[V   

1.If 0c).bxa(  since )ba(   is perpendicular to  both ,band,a  then  vectors c  and   b  ,a  are coplanar.  

2. For the nonzero vectors ,b,a  and c   , they are coplanar (ie  lie on the same plane) if and only if   

 c  ,b  ,a =0. 

Q(17).  If k4j3i2A  , k2j5i3B   and k3j2iC   determine B.A , BxA   and  

)CxB(.A . 

Solution:  

    13k2j5i3k4j3i2BA   

k4j8i14

253

432

kji

BxA   
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27

321

253

432

)CxB(.A 



  

Q(18). If  k5j3iA  , k2ji3B   and kjiC   find  )CxB(xA   and  Cx)BxA( . 

Solution:  

Use the expansion C)BA(B)CA()CxB(xA   

,16)BA(,3)CA(  )k10j19i7()kji(16)k2ji3(3)CxB(xA   

A)CB(B)CA(Cx)BxA(   

)k14j9i5()k5j3i(4)k2ji3(3Cx)BxA(   

Q(19). If kx2jxixF 42    then k2jx4ix2
dx

Fd 3  and 2

2

2

x12i2
dx

Fd
  

4x16x4
dx

Fd 62   

Q(20). Find  the unit normal vector  to  the surface 01yz2xy3xz 22     at the  point  (1,-

2,-1) 

Solution:  

 

 
  62

k10ji5
n

k10ji5

k)yz4xz2(j)z2x3(i)y3z(

)1,2,1(

22













  

Q(21). Determine the  directional derivative  of xyzyzxe 2y   at the point (2,0,3)   in  the 

direction kj2i3A  .  

Solution:  

Directional derivative at a given direction is defined by n  

k)xzyz2(j)xzzxe(i)yze( 2yy   

     
 

14

31

14

kj2i3
j17inj17i)3,0,2(





  

Q(22). Determine  the values  of  P  such that the  three vectors  ,B   ,A   and  C  are coplanar, when 

k4ji2A  , kPj2i3B   and k2j4iC  . 

Solution:  
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When vectors ,B   ,A   and  C  are coplanar, then 0C)BA(    

6p0p742

241

p23

412

C)BA(   

Q(23).  Find Curl (F ) and div(F)  for the vector function  F= grad(x2+y2+z2-3xyz) 

Solution:  

k)xy3z2(j)xz3y2(i)yz3x2(F   

0

)xy3z2()xz3y2()yz2x2(

zyx

kji

Fcurl 














  

6222

)xy3z2(
z

)xz3y2(
y

)yz3x2(
x

Fdiv 2



















 

 

Q(24). If 
3r

x
 , show that  div(grad( )=0 (   or  Div(grad) is called 2

=0 ) 

Solution:  

555

2

3 r

xz3

z
and,

r

xy3

y
,

r

x3

r

1

x















 

,
r

xz15

r

x3

z
,

r

xy15

r

x3

y
,

r

x15

r

x6

r

x3

x 7

2

5

2

2

2

7

2

52

2

7

3

55

2

2

2















 

Therefore,  0
zyx 2

2

2

2

2

2
2 














  

Q(25). Show that  Div ( r )=3  ,  Curl( r )=0  ,  nn r)3n()rr(div       0)
r

1
(2    , )rr(curl n )= 0 

Solution:  

 If kziyixr   then, .3
z

z

y

y

x

x
)r(div 














  and 0

zyx

zyx

kji

rcurl 











  

Use the results, A)A(div)A(div   and  
r

r

dr

df
)r(f   

nnn

2nn

nnn

r)n3(nrr3

rrnrr3

r)r(rdivr)rr(div







       
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If 
r

1
 ,  

333 r

z

z
and,

r

y

y
,

r

x

x















 

35

2

2

2

35

2

2

2

35

2

2

2

r

1

r

z3

z
,

r

1

r

y3

y
,

r

1

r

x3

x















 

Therefore,  0
zyx 2

2

2

2

2

2
2 














  

Again use the results, A)A(curl)A(curl   and  
r

r

dr

df
)r(f   

0

rrnr0

r)r(rcurlr)rr(curl

2n

nnn







  

Q(26).  Show that Curl( ar )=-2 a      ,  0)ar(div   , a)ar(grad   where a  is a constant vector. 

Solution:  

Let kziyixr  and kcibiaa  then,  

k)aybx(j)cxaz(i)zbyc(

cba

zyx

kji

axr   

Therefore, a2

aybxcxazzbyc

zyx

kji

)ar(curl 














  

0)aybx(
z

)cxaz(
y

)zbyc(
x

)axr(div 













  

a)czbyax()ar(

czbyaxar




 

Q(27).  Show that  0)b)ar((div   , ab2)b)ar((Curl   , where a  and  b  are  constant 

vectors. 

Solution:  

Let kziyixr  and kcibiaa  then, and kfieidb   

k)aybx(j)cxaz(i)zbyc(

cba

zyx

kji

axr   
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 

k)]cxaz(d)zbyc((e[j)]zbyc(f)aybx(d[i)]aybx(e)cxaz(f[

fed

aybxcxazzbyc

kji

baxr





  

)]cxaz(d)zbyc((e[
z

)]zbyc(f)aybx(d[
y

)]aybx(e)cxaz(f[
x

baxrdiv



















  ab2

dcxdazezbeycfzbfycdaydbxeayebxfcxfac

zyx

kji

b)ar(curl 














  

Q(28).   (i) Expand   }r
r

)ra(
{Curl

3


    

            (ii) }r
r

)ra(
{div

3


 where a  is a constant vector. 

           (iii)  Show that )ra(
r

r3

r

a

r

ra
Curl

333








 
  

Solution:  

 (i) Let kziyixr  and kcibiaa  then czbyax)ra(   

Therefore, r
r

czbyax
r

r

)ra(
33





 

             

 

3

35

33

3

3333

r

ra

ra
r

1

r

r
)czbyax(

r)czbyax(
r

1

r

1
)czbyax(

r
r

czbyax
0

r
r

czbyax
rcurl

r

czbyax
r

r

czbyax
curlr

r

)ra(
curl












































 









 











 




 

 

      (ii) 

r
r

czbyax
3

r

czbyax

r
r

czbyax
rdiv

r

czbyax
r

r

czbyax
divr

r

)ra(
div

33

3333








 












 











 



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 

3

353

333

r

ra

ra
r

1

r

r3
)czbyax(

r

)czbyax(3

r)czbyax(
r

1

r

1
)czbyax(

r

)czbyax(3











































a        

(iii)  k)bxay(j)azcx(i)cybz(

zyx

cba

kji

rxa   

Use the results, A)A(curl)A(curl   and  
r

r

dr

df
)r(f   

a2

)aybx()cxaz()zbyc(

zyx

kji

)ra(curl 














  

r)ar(ar[
r

3

r

a2
)ra(r

r

3

r

a2

)ra(
r

r3

r

a2

)ra(
r

1

r

a2

)ra(
r

1

r

)ra(curl

r

ra
Curl

2

5353

53

33

333



























































 

)ra(
r

r3

r

a

r

ra
Curl

333








 
  

 Q(29). If a   and b  are constant vectors and   is a scalar quantity  satisfy a vector equation 

b     xax  , solve the vector equation for  x    for  








0

0
 

When 0  

Solution:  

b     xax        (1) 

)1(a    b a    )xa(axa     (2) 

)1(a     b a    )xa(axa      (3) 

From (1)      b a x )aa(-  a )xa(xa   (4) 

From (3)   
 

b a
  xaandb a   xa



   (5) 

|From (4) and (5) b a x )aa(-  a 
)ba(

)xb( 



  
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22 a

 b- a 
)ba(

b a

 x 








  

When 0  

b     xa        (1) 

)1(a    b a    )xa(a     (2) 

From (1)      b a x )aa(-  a )xa(    (3) 

Let r)t(paramete)xa(   

|From (3) 
2a

 b aa t
 x 


  

 

 

)1,1,4(and)3,1,2(),0,2,5(   


