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Q1. Show that the eigenvalues of a Hermitian matrix are real. 

 

  Solution 

  �� = �� 

  ⇒ (��)� = ( ��)� 

  ⇒ (��



)� = ( ��


)� 

  ⇒ �̅��̅� = �̅�̅� ⇒ �̅�� = �̅�̅� since � is Hermetian: � = �� = �̅� ⇒ �̅��� = �̅�̅�� 

  ⇒ �̅��� = �̅�̅�� ⇒ �‖�‖� = �̅‖�‖� ⇒ � = �̅ ∈ ℝ since � ≠ 0 

 

 

 

 

 Q2. Let � = (sum of the digits of your index number)Mod 5. Select matrix number �. 

Find the characteristic polynomial, minimal polynomial, eigenvalues, spectral radius and eigenvectors.  

 -−11 −10 55 4 −5−20 −20 4 1 , -3 1 −12 2 −12 2 0 1, -1 −3 33 −5 36 −6 41 , -1 1 10 1 00 1 11,  51 1 0 00 1 0 000 00 20 026 

 

Solution: 

Let � = -1 −3 33 −5 36 −6 41, 
 

det(� − �7) = 81 − � −3 33 −5 − � 36 −6 4 − �8 
= (1 − �)(−(5 + �)(4 − �) + 18) + 3(3(4 − �) − 18) + 3(−18 + 6(5 + �)) = (1 − �)(�� + � − 2) + 9(−2 − �) + 18(2 + �) = −�< + 3� − 2 + 9� + 18 = −�< + 12� + 16 

 

So the Characteristic Polynomial is 

  =(�) = �< − 12� − 16 

 

Checking the factors of 16: ±1, ±2, ±4, ±8, ±16 hoping for rational solutions: 

   =(−2) = −8 + 24 − 16 = 0 

 

Therefore    =(�) = (� + 2)(�� − 2� − 8) = (� + 2)(� + 2)(� − 4) = (� + 2)�(� − 4) =(�) = 0 ⇔ � = −2,4 are the Eigenvalues 

 

Spectral Radius @(�) = maxA|−2|, |4|C = 4 

 

 (� + 27)(� − 47) = 5-1 −3 33 −5 36 −6 41 + -2 0 00 2 00 0 216 5-1 −3 33 −5 36 −6 41 − -4 0 00 4 00 0 416 

= -3 −3 33 −3 36 −6 61 -−3 −3 33 −9 36 −6 01 = 3 -1 −1 11 −1 12 −2 21 3 -−1 −1 11 −3 12 −2 01 = 9 -0 0 00 0 00 0 01 = D 

 

Therefore the Minimal Polynomial is E(�) = (� + 2)(� − 4) = �� − 2� − 8 
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(� + 27)� = -1 + 2 −3 33 −5 + 2 36 −6 4 + 21 FGHIJ = -3 −3 33 −3 36 −6 61 FGHIJ = -0001 

 

−KL + K� → K�⇒−2KL + K< → K< -3 −3 30 0 00 0 01 FGHIJ = -0001 KL/3 → KL⇒ -1 −1 10 0 00 1 01 FGHIJ = -0001 

 

 ⇒ G − H + I = 0 ⇒ H = G + I 

 

Therefore 

 � = FGHIJ = F GG + II J = G -1101 + I -0111 ∈ O=GP Q-1101 , -0111R 

 

So the Eigenvactors corresponding to � = −2 are -1101 and -0111 

 

 

(� − 47)� = -1 − 4 −3 33 −5 − 4 36 −6 4 − 41 FGHIJ = -−3 −3 33 −9 36 −6 01 FGHIJ = -0001 

 

KL + K� → K�⇒2KL + K< → K< -−3 −3 30 −12 60 −12 61 FGHIJ = -0001 −K� + K< → K<⇒−4KL + K� → KL -−3 −3 30 −12 60 0 01 FGHIJ = -0001 

−2KL + K� → KL⇒ -6 −6 00 −12 60 0 01 FGHIJ = -0001 KL/(6) → KL⇒K�/(−6) → K� -1 −1 00 2 −10 0 0 1 FGHIJ = -0001 

 

 ⇒ G − H = 0,2H − I = 0 ⇒ G = H, I = 2H 

 

Therefore 

� = FGHIJ = - HH2H1 = H -1121 ∈ O=GP Q-1121R 

 

So the Eigenvector corresponding to � = 4 is -1121  

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 


