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1. Let  �:�� � ��;  �: 	
��  � 
 � �
 � 2�2
 � 3�� be a linear Transfromation. 

Find the matrix of � with respect to the bases ���� � �	12� , 	11�� and ���� � ��110� , �102� , �033�� 
 

Solution 

 

   � !"#$$� � 	� 	12� � 	11�� � � 3 2�3 �18 5 � � '()#*�+� � �1 1 01 0 30 2 3�+� 
  

 +# � �1 1 01 0 30 2 3�
,- � 3 2�3 �18 5 � � - ,.$-, �$.-0 �$.12� �6$ � 3$ � 2$� 3$ � 3$ � 2$� 3$ � 3$ � �1$4

5
� 3 2�3 �18 5 � 

 � -,6��6 �3 3�3 3 �32 �2 �1�� 3 2�3 �18 5 � � -,6� 15 6�42 �244 1 � � ��5/3 �2/314/3 8/3�4/9 �1/9� 

 

Note: Theorem on Change of Basis 

  � !"$$� � 	� 	10� � 	01�� � �1 11 �22 3 � � '()*�+ � :+ � + 

 

 '()#*� � �1 1 01 0 30 2 3� � '()*�; � :; � ; 

 

   !"#$� � 	1 12 1� �  !"$�< � :< � < 

 

 '� !"#$*� � '()#*�+# 
 '� !"$*�< � '()*�;+# 
  '()*�+< � '()*�;+# 
  '()*� +< � ;+#$ � 0 

 +< � ;+# � = or +< � ;+# or +# � ;,-+< since   '()*� is a basis 

 So +# � ;,-+< � �1 1 01 0 30 2 3�
,- �1 11 �22 3 �	1 12 1� � �1 1 01 0 30 2 3�

,- � 3 2�3 �18 5 � 

 

Note: 

  � !"#$$� � '()#*�+� � '()#*� ��5/3 �2/314/3 8/3�4/9 �1/9� 

Therefore 

 � !-# $ � � G�(-# � -H� (�# � H6(�#  

 � !�# $ � � ��(-# � I�(�# � -6(�#  
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2. Let Hom L, M$ be the set of all linear transformations (Homomorphisms) from L to M over the field N. For O, � P Hom L, M$ and Q P N let the addition and scalar multiplication O � � and Q� be fined as   O � �$ 
$ � O 
$ � � 
$ and  Q�$ 
$ � Q� 
$ for R
 P M and RQ P N. Show that  Hom L, M$ is a vector 

space over N with the above defined addition and scalar multiplication. 

Note: A linear transformation Hom L, N$ is called the dual space of L or LS and the elements of that are called 

Linear Operators.  

 

 

Solution 

1.  Hom L, M$, �$ is an Abelian Group:   
 

1.1 Y= P Hom L, M$; =:L � M,= 
$ � 0 Z Hom L, M$ [ \    
 

1.2 RO, � P Hom L, M$; O � � P Hom L, M$ 

 

1.3 R], O, � P Hom L, M$; R
 P L: '] �  O � �$* 
$ � ] 
$ �  O � �$ 
$ � ] 
$ � 'O 
$ � � 
$* �  ] 
$ � O 
$$ � � 
$ �  ] � O$ 
$ � � 
$ � ' ] � O$ � �* 
$ Z ] �  O � �$ �  ] � O$ � � 

 

1.4 Y= P Hom L, M$; =:L � M,= 
$ � 0; RO P Hom L, M$; R
 P L:  O � =$ 
$ � O 
$ � = 
$ � O 
$ � 0 � O 
$ Z O � = � O  

 

1.5 RO P Hom L, M$; Y � O P Hom L, M$;�O: L � M,  �O$ 
$ � �O 
$:     �O � O$ 
$ �  �O$ 
$ � O 
$ � �O 
$ � O 
$ � 0 � = 
$ Z �O � O � = 

 

1.6 RO, � P Hom L, M$; R
 P L:  O � �$ 
$ � O 
$ � � 
$ � � 
$ � O 
$ �  � � O$ 
$ Z O � � � � � O 

 

2.  N,�,·$ is a Field 

 

3. RQ P N; RO P Hom L, M$; QO P Hom L, M$ 

 

4. RQ P N; RO, � P Hom L, M$; R
 P L:  

 'Q O � �$* 
$ � Q  O � �$ 
$$ � Q O 
$ � � 
$$ � QO 
$ � Q� 
$ �  QO$ 
$ �  Q�$ 
$ � QO � Q�$ 
$ Z Q O � �$ � QO � Q�   

 

5. RQ, a P N; RO P Hom L, M$; R
 P L:  

   ' Q � a$O* 
$ �  Q � a$O 
$ � QO 
$ � aO 
$ �  QO$ 
$ �  aO$ 
$ �  QO � aO$ 
$ 

  Z  Q � a$O � QO � aO   
 

6. RQ, a P N; RO P Hom L, M$; R
 P L:  

 ' Qa$O* 
$ �  Qa$O 
$ � Q'aO 
$* � Q' aO$ 
$* � Q aO$ 
$ � 'Q aO$* 
$ 

          Z  Qa$O � Q aO$   
 

7. RO P Hom L, M$; R
 P L:   1O$
 � 1O 
$ � O 
$ Z 1O � O 

 

 b Hom L, M$ is a vector space over N 

 

  Note: We don’t show the commutativity in 1.4 and 1.5 since we show it in 1.6 in general. 


