
MA2033-Linear Algebra-L2S4-2013/14-www.math.mrt.ac.lk/UCJ-20140121-Test6-Solutions-20140131 

 

1. Show that  �: ℝ� → ℝ� given by �: ��, 	, 
� ↦ �� − 	 + 2
, 2� + 	, −� − 2	 + 2
� is a Linear Transformation. 

Find rank � = dim �ran �� and null � = dim �ker �� and verify the Dimension Theorem in Q2. 

 

Solution 

 

 Let � = ℝ. We will verify the Dimension Theorem. 
 

 Let ��, 	, 
� ∈ ker� ⊆ ℝ� 

  ⇔ T��, 	, 
� = 0 

  ⇔ �� − 	 + 2
, 2� + 	, −� − 2	 + 2
� = �0,0,0� 

  ⇔ � − 	 + 2
 = 0 ⋯ �1�2� + 	 = 0 ⋯ �2�−� − 2	 + 2
 ⋯ �3� ⇔
� − 	 + 2
 = 0 ⋯ �1�

2� + 	 = 0 ⋯ �2� ⇔ � = − 1
2 	

−3	 + 4
 = 0 ⋯ �1� + �3� = �4� ⇔ 
 = �
4 	

 

 ⇔ ��, 	, 
� = 5− 1
2 	, 	, �

4 	6 = 4	�−2,4,3�, 	 ∈ ℝ = � 

 

 So ker� = span9�−2,4,3�:. Also 9�−2,4,3�:is Linearly Independent�why? �.  
 Therefore 9�−2,4,3�: is a Basis for ker� and nullT = dim�ker�� = 1  

  Let ���, 	, 
� ∈ ran� where �, 	, 
 ∈ ℝ. We have  

 

 ���, 	, 
� = �� − 	 + 2
, 2� + 	, −� − 2	 + 2
� = ��, 2�, −�� + �−	, 	, −2	� + �2
, 0,2
� 

 = ��1,2, −1� + 	�−1,1, −2� + 2
�1,0,1� 

 So ran� = span9�1,2, −1�, �−1,1, −2�, �1,0,1�: �why? � 

 

 To see whether 9�1,2, −1�, �−1,1, −2�, �1,0,1�: is linearly independent   
 we will form a matrix by using these vectors as rows and do Row Operations as follows  

 

 E 1 2 −1−1 1 −21 0 1 F G1 + G2 → G2~−G1 + G� → G�
E1 2 −10 3 −30 −2 2 F G2/3 → G2~G2 + G�/2 → G�

E1 2 −10 1 −10 0 0 F −2G2 + G1 → G1~ E1 0 10 1 −10 0 0 F 

  

 So ran� = span9�1,2, −1�, �−1,1, −2�, �1,0,1�: = span9�1,0,1�, �0,1, −1�: �why? �  

 The set 9�1,0,1�, �0,1, −1�: is aslo linearly independent �why? � 

 Therefore 9�1,0,1�, �0,1, −1�: is a Basis for ran� and rank� = dim�ran�� = 2  
 

 We also have the Domain of �, dom� = ℝ� JKL dim�dom�� = dim�ℝ�� = 3 

  Finally dim�dom�� = 3 = 2 + 1 = rank� + null�, is a veriNication of the Dimension Theorem.  
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2. Prove the Dimension Theorem:  dim�dom �� = rank � + null � 

 

Solution 

 

 Let �: O → P be the Linear Transfromation over the Field � and 9Q1, Q2, ⋯ , QR: be a basis for kerT 

 Therefore null� = dim�ker�� = S. 
 

 Since ker� ⊆ O, we can extend this basis of ker� to form a Basis  
 9Q1, Q2, ⋯ , QR, T1, T2, ⋯ , TU: of O �Theorem, why? �.  

 Therefore dim�dom�� = dimO = K + S. 
  

 We will show that 9��T1�, ��T2�, ⋯ , ��TU�: is a basis for ran�.  
 Let V ∈ ran�, ∃T = J1Q1 + J2Q2 + ⋯ + JRQR + X1T1 + X2T2 + ⋯ +XUTU  ∈ O such that 
 

 V = ��T� = ��J1Q1 + J2Q2 + ⋯ + JRQR + X1T1 + X2T2 + ⋯ +XUTU�  
 = J1��Q1� + J2��Q2� + ⋯ + JR��QR� + X1��T1� + X2��T2� + ⋯ +XU��TU�  
 = J10 + J20 + ⋯ + JR0 + X1��T1� + X2��T2� + ⋯ +XU��TU� since QY ∈ ker�  
 = X1��T1� + X2��T2� + ⋯ +XU��TU� 

 

 So ran� = span9��T1�, ��T2�, ⋯ , ��TU�: 

 

 Also X1��T1� + X2��T2� + ⋯ +XU��TU� = 0 for some XY ∈ � 

 ⇒ ��X1T1 + X2T2 + ⋯ +XUTU� = 0 

 ⇒ X1T1 + X2T2 + ⋯ +XUTU ∈ ker� 

  ⇒ X1T1 + X2T2 + ⋯ +XUTU = J1Q1 + J2Q2 + ⋯ + JRQR for some JY ∈ �  
 since 9Q1, Q2, ⋯ , QR: is a Basis for ker � 

 ⇒ X1T1 + X2T2 + ⋯ +XUTU − J1Q1 − J2Q2 − ⋯ − JRQR = 0  
 ⇒ �X1, X2, ⋯ , XU, −J1, −J2, ⋯ , −JR� = �0,0, ⋯ ,0,0,0, ⋯ ,0� since 9Q1, Q2, ⋯ , QR, T1, T2, ⋯ , TU: is a Basis for O  

 ⇒ �X1, X2, ⋯ , XU� = �0,0, ⋯ ,0� 

 

 So 9��T1�, ��T2�, ⋯ , ��TU�: is Linearly Independent and is a Basis for ran� 

 Therefore rankT = dim�ranT� = K. 
 

 Finally dim�dom�� = K + S = rank� + null� 


