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1. Letu €V be aninner product space and W be a subspace spanned by the orthonormal set {w;,wy, -, w, }. Let the
projection of u € V onto W be defined by Pu = Y}/ ,(u, w;)w;. Show that Pu is the best approximation in W to u
with respect to the norm defined by the inner product.

Solution
Let F = C.We will show that ||lu — w|| > ||lu — Pu|| foranyw € W.

llu —wl?

= |lu — Pu+ Pu—w||

=||s + t|| wheres =u—Pu €V and t = Pu—w € W(why?)
= (s+ts+t)

= (s,s) + (s, t) + (t,s) + (t, t)

= ||s||? + (s, t) + (s, t) + ||t]|? since (t,s) = (s, t)

= |Is|I* + 2Re(s, t) + [It]|?

Now let w;be any element in the orthonormal set, we have
(Pu, Wj) = (Tie(w, ww; :Wj) = Yizq(u,wy) <Wi:Wj> =(u, Wj)<Wj:Wj> =(u, Wj)1 =(u, Wj)
and (s, w;) = (u — Pu,w;) = (u,w;) — (Pu,w;) = (u,w;) — (u,w;) = 0

Now lett = Y, a;w; be any element of W
Then (s, t) = (s, Xj=1 qjw;) = X7-1 a; (s, w;) = ¥}, @; 0 = 0.
This actually shows that s = u — Pu € WL € V(why?)

Finally |lu — wl|? = [|s||* + 2Re0 + [It[|> = [Is|I* + [It]|* = lIs]I* = llu — Pull?
Therefore ||[u — w|| = ||u — Pul| foranyw € W and u € V (why?)
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2. LetV = C[—1,1] and the inner product for f, g € V be defined by f_ll f(x)g(x)dx. Find the best approximation to
*in W = span{1, x, x2}.

Solution

Let W = span{1, x, x?} = span{uy, u,, u3}.
First we find an Orthonormal Basis for W using Gram — Schimdt Process( why is it working?)

Letv, =u; = L,s0||lvy]| 2 = f_ll 12dx = [x]t, = 2and ||v4|| = V2

Sow; = Y1 — L s the first element in the Orhonormal set
vl V2
11 1
Also v, = u, — (uy, wy)wy and (u,, wy) = f_lx\/—idx = 2\/_[ x?)L, =
1 1 2 V2

Sovy; =x—0=xand |lvoll? = [, x* dx = Z[x*]2; = Sand [lv, | = N
Thenw, = 22— Ex is the second element in the Orhonormal set

lvall V2
In the same way v3 = ug — (uz, wy)wy — (Uz, Wo)ws,

_ (! 391 _ 2 _ V2
and (uz,wy) = [ x? ﬁdx— \/_[ Li=55=7%

1 _2v3 V3
and (uz,wy,) = f_lxz\/—ix dx = m[x t,=0
—w o Bl gyl 2o (U (2= [S22 1] a2y 2@
Sovy; =x T 0=x and ||vs]| —f_l(x 3) dx—[5 33+9x]_1—2[5 9+9]—5(9)
\/_ V3 3\/_ 2 1 _£ 2 _ . . .
Then ||vs|| = W and w =il = 22 (x 3) =37 (3x% — 1) is the third element in the Orhonormal set
1 \/_ V5

Finallt the Orthonornal Set required by the previous Theorem is {w;, w,, w3} = {\/_ NN (3x% - 1)}

and the best approximation to e* € C[-1,1] in W = span{1,x,x?} = span{w;, w;, w3} is
P(ex) = 1_3:1(ex, Wi)Wi where

[ty = S5

(e* Wl)_f e* dx— =

\/__

(% wy) = [} e Lrdr = Zwe* — e*]ty = F[e¥(r — DIy = F[e(0) — e (-2)] = VBe ™!

(e*,wy,) = fe (3x —1)dx

%[S(x —2(xe* —e*)) —e¥]t, = LSZ[ *(Bx?—6x+5)], = 52 [e(2) —e~1(14)] = %
Finally
P(e*)
= Shiler ww; = St VBe 1 Yy 4 BTN (302 )
=ee1+3€ 5(e7e )(32 1)
_ 3( e+jle D) n 33_1x+15(e 47e D) X2

~ 0.9962940183 + 1.103638324x + 0.5367215260x2

is the best 2nd degree polynomial approximation to e* with respect to norm defined by the above inner product.



