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1. Let � ∈ � be an inner product space and � be a subspace spanned by the orthonormal set {��, �	, ⋯ , ��}. Let the 

projection of � ∈ � onto � be defined by 
� = ∑ 〈�, ��〉��
�
��� . Show that 
� is the best approximation in � to � 

with respect to the norm defined by the inner product. 

 

 Solution 

 

 Let � = ℂ. We will show that ‖� − �‖ ≥ ‖� − 
�‖ for any � ∈ �. 
 

 ‖� − �‖	 

 = ‖� − 
� + 
� − �‖ 

 = ‖+ + ,‖ where + = � − 
� ∈ � -./ , = 
� − � ∈ �(why? )  
 =  〈+ + ,, + + ,〉 

 =  〈+, +〉 + 〈+, ,〉 + 〈,, +〉 + 〈,, ,〉 

 = ‖+‖	 + 〈+, ,〉 + 〈+, ,〉 + ‖,‖	 since 〈,, +〉 = 〈+, ,〉 

 = ‖+‖	 + 2Re〈+, ,〉 + ‖,‖	 

 

 Now let �7be any element in the orthonormal set, we have  

 〈
�, �7〉 = 〈∑ 〈�, ��〉��
�
��� , �7〉 = ∑ 〈�, ��〉�

��� 〈��, �7〉 = 〈�, �7〉〈�7, �7〉 = 〈�, �7〉1 = 〈�, �7〉 

  and 〈+, �7〉 = 〈� − 
�, �7〉 = 〈�, �7〉 − 〈
�, �7〉 = 〈�, �7〉 − 〈�, �7〉 = 0 

 

 Now let , = ∑ -��� be any element of ��
���  

 Then 〈+, ,〉 = 〈+, ∑ -7�7
�
7�� 〉 = ∑ -?7

�
7�� 〈+, �7〉 = ∑ -?7

�
7�� 0 = 0.  

 This actually shows that + = � − 
� ∈ �A ⊆ �(why? ) 

 

 Finally ‖� − �‖	 = ‖+‖	 + 2Re0 + ‖,‖	 = ‖+‖	 + ‖,‖	 ≥ ‖+‖	 = ‖� − 
�‖	 

 Therefore ‖� − �‖ ≥ ‖� − 
�‖ for any � ∈ � -./ � ∈ � (why? ) 
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2. Let � = D[−1,1] and the inner product for G, H ∈ � be defined by I G(J)H(J)/J.�
K�   Find the best approximation to 

LM in � = span{1, J, J	}. 

 

 Solution 

 

 Let � = span{1, J, J	} = span{��, �	, �O}. 

 First we Pind an Orthonormal Basis for � using Gram − Schimdt Process( why is it working? )  

 

 Let X� = �� = 1, so ‖X�‖ 	 = I 1	�
K� /J = [J]K�� = 2 and ‖X�‖ = √2 

 So �� = Z[
‖Z[‖ = �

√	  is the Pirst element in the Orhonormal set 

 

 Also X	 = �	 − 〈�	, ��〉�� and 〈�	, ��〉 = I J �
√	

�
K� /J = �

	√	 [J	]K�� = 0 

 So X	 = J − 0 = J and ‖X	‖ 	 = I J	�
K� /J = �

O [JO]K�� = 	 
O and ‖X	‖ = √	

√O  
 Then �	 = Z]

‖Z]‖ = √O
√	 J is the second element in the Orhonormal set 

 

 In the same way  XO = �O − 〈�O, ��〉�� − 〈�O, �	〉�	  
 and 〈�O, ��〉 = I J	 �

√	
�

K� /J = �
O√	 [JO]K�� = 	

O√	 = √	
O  

 and 〈�O, �	〉 = I J	 √O
√	 J�

K� /J = √O
_√	 [J_]K�� = 0 

 So XO = J	 − √	
O

�
√	 − 0 = J	 − �

O  and ‖XO‖ 	 = I `J	 − �
Oa

	�
K� /J = bMc

d − 	
O

Me

O + �
f Jg

K�

�
= 2 b�

d − 	
f + �

fg = 	(_)
d(f) 

 Then ‖XO‖ = 	√	
O√d  and  �O = Ze

‖Ze‖ = O√d
	√	 `J	 − �

Oa = √d
	√	 (3J	 − 1) is the third element in the Orhonormal set 

 

 Finallt the Orthonornal Set required by the previous Theorem is {��, �	, �O} = j �
√	 , √O

√	 J, √d
	√	 (3J	 − 1)k 

 and the best approximation to LM ∈  D[−1,1] in � = span{1, J, J	} = span{��, �	, �O} is 

 

 
(LM) = ∑ 〈LM , ��〉�� whereO
���  

 

 〈LM, ��〉 = I LM �
√	

�
K� /J = �

√	 [LM]K�� = mKmn[

√	  

 

  〈LM , �	〉 = I LM √O
√	 J�

K� /J = √O
√	 [JLM − LM]K�� = √O

√	 [LM(J − 1)]K�� = √O
√	 [L(0) − LK�(−2)] = √6LK� 

 

 〈LM, �	〉 = I LM √d
	√	 (3J	 − 1)�

K� /J 

 = √d
	√	 [3(J	LM − 2(JLM − LM)) − LM]K�� = √d

	√	 [LM(3J	 − 6J + 5)]K�� = √d
	√	 [L(2) − LK�(14)] = √d(mKrmn[)

√	  

 

Finally 

 
(LM) 

 = ∑ 〈LM , ��〉�� = O
���

mKmn[

√	
�

√	 + √6LK� √O
√	 J + √d(mKrmn[)

√	
√d

	√	 (3J	 − 1) 

 = mKmn[

	 + 3LK�J + dsmKrmn[t
_ (3J	 − 1) 

  = O(Kmu��mn[)
_ + 3LK�J + �d(mKrmn[)

_ J	 

  ≈  0.9962940183 +  1.103638324J +  0.5367215260J	
 

 

 is the best 2nd degree polynomial approximation to LM with respect to norm dePined by the above inner product.   
 


