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Theorem 1. Complex Inversion Formula for Laplace Transform
Let |f(t)] < Me™ so the Laplace Transform F(s) be valid for Re s > a and let
lims 00 |[F'(s)| = 0. Then the inverse Laplace transform f(t) is given by

F(t) = £ [P F(s)estds = Sum of Residues of F(s)e*t for Re s < a.

2mi Jb—i00

Proof.

Let | f ( )\ < M e“t Then the Laplace transform is
L) = F(s) = [ ft)ert

So |F(s | < fo Me“t Re Stdt = =—— whenever Re s > a.

Take any real number b > a and define g(t) = f(t)e™" for t > 0 and 0 otherwise.
Fourier Transform of g(t) is
Flgt)} = Glw) = [ glt)e 1t = [ f(t)e it — F(b+ i)
And the inverse Fourier Transform of G ( )
— %f_oooo G( zwtdw _ 1 f F b+zw) wt
In particular for £ > 0,
g(t) = ft)e™ = £ [*° F(b+ iw)e™ dw or
f(t) =5 [7 F(b+iw)e" ) dw
Now changing the variable s = b + iw, we arrive at
F(t) = 55 [T F(s)etds
Now let L : vertical line from b — iR to b+ iR and I": left half circle with center
b+ :0 and radius R. Let the closed loop C=LUT.
On I with s = b+ Re® for 5 < 6 < 3T we have

’fF F(S estds‘ S 3w/2|F(b+R619)|6 b—i—RcosH the < GRebt f37r/2 thosedﬁ
Notethatcos&< 9+10n_<9<ﬂand608(9<29 gonﬂgeg%ﬁ

Therefore, f 3/2 thosed& < f pltt(=20+1) d9+f RH(Z0-3) 79

GRt22t(€ Rt —e 2Rt) + e_SRtQEt<63Rt 2Rt) — Rt(l _ e—Rt)

Now, UF s)elds| < eRe" (1 — e 1) = eeZ(1 — e ) — 0 as R — oo
Also [, F(s)e*'ds — [, " P (s)etlds = 2mif(t) as R — oc.
And [, F( Stds — 27 Sum of Residues of F(s)e®® to the left of Res < b.
So we have

0+ 2mi f(t) = 27 Sum of Residues of F(s)e* for Re s < b.
Finally since F'(s) has no singularities for a < Re s < b we have

f(t) =Sum of Residues of F(s)e* for Re s < a



