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Theorem 1. Error formula for the Szmpsons Rule
If f € CY, error in the Simpson’s rule is — 180 o f )(n) where n € (a,b)

Proof. With usual notation, let p(x) be the degree two Lagrange polynomial of f(z)
agreeing with it on three points x(, x1, ro which are distance h apart.
Consider error on the first two intervals, fx? (f(x) — p(x))dx

We define a degree three polynomial as follows

q(z) = p(z) + 3z (W' (1) — f'(21)) w(z) where w(w) = (z — z0)(z — 21)(z — 22)
We notice that q(zx) = p(x) = f(xg) for k. =0,1,2 and ¢'(x1) = f'(21)

First we claim that f(x) = q(x )—i—f( (@) u(x) where u(z) = (x—x¢)(x—21)*(x—29)
and (1 € (xg, x2). To prove this define g( )= fy) —qly) — u(y)%
Now ¢(y) = 0 for y = g, x1, 22, ¢ and ¢'(x1) =0
This implies, by the Mean Value Theorem that there is (; € (x,23) such that
@
W) = fOG) — 0 — 41fe @ )< )() = 0 or f(z) = q(z) + f4—(,<1)u(a:) for some

¢ € (2o, z9) as desu’ed.

Now we notice that

fx‘? w(x)dz
= xz(x — xo)(x — 1) (x — x9)dx
= [" (t+h) @)t —hydt = [" (3 — h2)dt = 0

ThlS 1mphes that

X9 To T9 (4) 1 1
Jo (F(@) = pla)) do = [ (F(2) = g(2)) dz = [ Fidu (Mx— o [ u(e)da
since u(z) does not change sign on (g, x3) and because f*(n;(x)) is a continuous
function.

Now
f;j u(z)dx
= [ 2 (@ — :co)(x — x1)}(x — x9)d
5 3 h 5 5
f (t+ ) ()2(t — h)dt = [" (t* — h2#2)dt = {% . hQ%} =2 [% _ %} — A

So the error on [xo, To] is
@ 3 (@) 5
[ ua)de = 5 (= g5h) = =55/ m)

We notice here that n needs to be even in order to cover |a, b] by non-overlapping
intervals similar to [z, 23] and we need % of such intervals. Now adding error terms
in each interval we have the total error,

5 o 50 n
S By = B f () = —B2FO() = —22f () for 1 € (a,b)
using Extremum and Intermedlate Value Theorems for f € C* ie. for fW e c.
Using h = =2, the total error is also equal to Mf( (n) = — (=a)’ f(4)(77)

180 180n4
[]
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Theorem 2. Newton-Kantorovich Theorem
1.Let f:]a,b] = R
2.1" is Lipschitz contz’nuous with constant ~y

3.f'(x) # 0 and )I <p

4.x9 € [a,b] and ‘J{t,((i‘;))’ =«
b.q=afy < %

6.[x0 — 20, ko + 20 C [a, b]
T Xpy1 = f(( ))

Then

1. limy o T = 2 € [29 — 20, 1y + 20].
2. f(2) =0 and z is a unique root of f
3. |z — 2 < 200%" !

Proof. By definition we have, |:ck+1 —xk| = J‘f,(x’“) < B|f(zx)| = B\f(:vk) — f(xp—1) —
(we—an ) @)l = B|[2 FOdE = o) 3 dt) < B2 17(8) = fop)ldt| <

oot l’k—1|dt’ = 307|w), — xk_1\2 = plan — x|

Also by using the formula k times, 231 — 2| < plor — 21> < p(p|lop_1 —
k

xk_2\2)2 _ p1+21|$k 1 _ xk_k2|22 < p1+21+22+"'+2k_1\x1 _ :130|2k — p%\ﬂh _ x0|2k =
Lpa)? = 2&(afy)? = ag® ! k
So we have |21 — 2| < ag? 1
Now a general difference,
T — k| = |Thej — Tigjo1 + Thojo1 — Thpj-2 + ok Tk - Ty < |Tpey —
h+i—

. gk+i-2_
Trrj1| + [Thyjo1 — Tprjo| + 0+ e — 2] < g + ag + -+
qu2k71 _ aqil (qQk + q2k+1 IS q2k+]1> S Oéqil (qzk + (qQk)Q + (q2k)4 + .. ) —
k k k k k k
0 (14 (@) + @+ ) Sag (14 @) + () +.)

<ag® 7 (T+g+q+...) =ag® i < ag” T = 20" since 0 < g < 5 < 1

|

Finally we have |z, — 2] < 20 (1)
Note that by k = 0in (1)we have |z;—zo| < 20¢> ~! = 2a: 50 7, € 19— 20, 29+20]
Also by (1) and 0 < ¢ < 1, z; is a Cauchy sequence and converges to z €
(20 — 20, 0 + 2a].
By taking 7 — oo in (1), we have |z — x| < 2aq
Note that f” is continuous with f’(x) # 0. Taking k — oo in x5 = ) —

2k_q

f(zy)
f'(wk)?

(2) =0, so z is a root of f.

we get
Now assume that the root z is not unique, i.e. there exists w # z with f(w) = 0.
By MVT, for some ¢ between z,w we have f/(¢) = {&=W — 0 — o f/(¢) =

Z—w Z—w
which is a contradiction. Therefore z = w and the root is unique.
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Theorem 1.

[f hm(x,y)—%a,b) f(xv y) =L, lim, , f(xa y) - g(y) in a dnbd Ofb and hmy—>b f(xa y) -
h(z) in a dnbd of a, Then lim,_,, h(x) = lim, ,, g(y) = L.

Proof.

Let € > 0, then lim, ) (a5 f(z,y) = L implies 35 > 0,V(x,y);
0<(x—a)l+(y—0b2<d=|f(z,y)— L| <e/2.

lim,_,, f(z,y) = ¢(y) in a dnbd of b implies 36;, whenever 0 < |y — b| < 4y,
62(y) > 0V such that 0 < |z — a| < d2(y) = | f(z,y) — g(y)| < €/2

Let 03(y) = min{da(y),d/v/2} > 0 and &, = min{d;,§/v/2} > 0

Now when 0 < |y — b| < d4 select x such that 0 < |z — a| < d3(y). Then

0 <z —al <d(y) so|f(z,y) —g(y)| <e/2.

We also have 0 < |[z—a| < §/v/2and 0 < |y—b| < §/v/2s00 < \/(z —a)2+ (y — b)2 <
d which implies |f(z,y) — L| < €/2.

Now |g(y) — L| < |f(z,y) — 9()| + [ f(z,y) — L| < e which means

L= liIny—>b g(y) = liIny—)b lim, 4 f(xa y)

In the same way we can prove L = lim, ,, h(x) = lim,_,, lim, ,;, f(x,y) O]

Note 1.

When the one variable limits exist, but the iterated limits are different, this theorem
can be used to show that the double limilt does not exist.

For example let f(x,y) = f—jr‘z for (z,y) # (0,0). Then lim, o f(x,y) = —1 = g(y)
exists in a dnbd of 0 and lim, 0 g(y) = —1. Also lim,_,o f(x,y) = 1 = h(x) exists
in a dnbd of 0 and limy_,o h(x) = 1. Therefore lim, y)_,qp) f(z,y) does not exist.

Theorem 2.
If lim, )y (ap) f(2,y) = L and lim,_,, g(x) = b then lim,_,, f(z,g(x)) = L

Proof. Let € > 0, then lim, ;). f(2,y) = L implies 3§ > 0,V(z, y);
0<(@—a)l+{y—0b2<d=|f(z,y)—L| <e

lim, o g(z) = b implies 36, > O0Vz,0 < |z — a| < 61 = |g(z) — b] < §/V/2

Let 53 = min{51, 5/\/5} > 0.

Now if 0 < |z—a| < d3 we have 0 < |v—a| < §/v/2 and |y—b| < §/v/2 where y = g(z).
Therefore we have 0 < y/(z — a)? + (y — b)? < ¢ which implies |f(z, g(z)) — L| < e.
This means lim,_,, f(z,g(x)) = L. O

Note 2.

If g is continuous such that g(a) = b we get lim,,, g(x) = g(a) = b which is a
required condition.

If we can find two different functions g, h such that lim, ., g(x) = b = lim,_,, h(x)
but if lim, ., f(x, g(x)) # lim,_, f(x, h(z)) this means the double limit does not ex-
15t.

For example let f(x,y) = xffy2 for (xz,y) # (0,0). Let g(x) = ma which gives
lim, ,, g(x) = 0. Butlim, .o f(z,g(z)) = Tz, 80 the answer depends on m. There-
fore im ) (a.) f(2,y) does not exist.




