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Note 1.

B=set of Bounded functions

C=set of Continuous functions

D=set of Differentiable functions

D"=set of n times Differentiable functions

C"=set of n times Continuously Differentiable functions
R=set of Riemann Integrable functions

P=set of all possible Partitions of an interval

LC=set of Lipchitz Continuous functions

UC=set of Uniformly Continuous functions

Color Index
For additional knowledge, these topics will NOT be tested at the exam.

1 Preliminaries

Axiom 1. Completeness Azxiom
If A is a bounded non-empty subset of real numbers R then sup A and inf A exists.

Theorem 1. Intermediate Value Theorem
Let f : [a,b] — R be a continuous function. Let ¢ be between f(a) and f(b). Then
there exists x € (a,b) such that f(z) = c.

Theorem 2. Extreme Value Theorem

Let f : [a,b] — R be a continuous function. Then f attains its maximum and
minimum on [a,b] i.e. there ezists ¢,d € [a,b] such that f(c) = max{f(z)|z € [a,b]}
and f(d) = min{f(x)|z € [a,b]}.

Theorem 3. Mean Value Theorem
Let f : [a,b] — R be contz’nuous on la,b] and differentiable on (a,b). Then there
exists ¢ € (a,b) such that f = f'({)

Theorem 4. Generalized Mean Value Theorem
Let f,qg: [a,b] = R be continuous on [a,b] and differentiable on (a,b) and g' # 0 on
(a,b). Then there exists ¢ € (a,b) such that fO)=rla) _ F)

g(b)—g(a) — ¢'(¢)
Theorem 5. L’Hopital Rule
Let f,g € D, f(a) = g(a ) =0 and ¢ # 0 except possibly at a.

Ifhmm% L then g § L.

Theorem 6. Ratio Test for absolute convergence
=L

1. If L <1 then Y o uy converges absolutely

2. If L > 1 then Y2, uy diverges

Uk41
U

Let u # 0 and limy_

Theorem 7. Root Test for absolute convergence
Let up, # 0 and limy,_, |uk|1/k =L
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1. If L <1 then Y 2 u converges absolutely
2. If L > 1 then Y-, uy diverges

Theorem 8. Bounded Convergence theorems

If f is bounded above and increasing then lim, ., f(x) exist finitely and equal to
sup{f(z)}.

If f is increasing and lim,_,, f(z) exists finitely then sup{f(z)} exists and equal to
it

Note 2.

1. It is convenient to assume f € D in a larger open interval containing (a,b) for
Mean Value Theorems.

2. L’Hopital rule applies in all other cases of limits of x and even when f(x), g(x) —
0 or oo at the limit with conditions suitably modified.

3. Similar Bounded Convergence theorems exists for functions which are bounded
below and decreasing.

2 Riemann Integral

Proof of theorems on this section will NOT be tested at the exam.

Definition 1. Riemann Integral

Let f be bounded on [a,b]. i.e. f € Bla,b]

Let P = {xg, 21, - , 2} withxy = a,x, =b and Az = xp—xp_1 >0 for 1 <k <n
be a partition of [a,b], i.e. P € Pla,b).

Let My = My(P, f) = sup{f(z)|x € [x)_1,zx]} and

my = my(P, f) = inf{f(z)[z € [zp—1, 2]}

Define Upper Riemann sum U(P, f) =>"7_; MyAxy and

Lower Riemann Sum L(P, f) = > _; mpAxy,

Define Upper Riemann Integral U(f) = inf{U(P, f)|P € Pla,b]} and

Lower Riemann Integral L(f) = sup{L(P, f)|P € Pla,b]}.

Iff U(f) = L(f) we say that f is Riemann Integrable on |a,b]. i.e. f € Rla,b] and
write fab f(x)dx for the common value and call it the Riemann integral of f on |a,b].

Note 3. [t is clear that my < My, therefore L(P, f) < U(P, f)
We will later show that even L(f) < U(f) is true.

Example 1.

1. Consider the function f(x) =1 ifr € Q and 2 if xt e R— Q. Is f € Rla,b]?

2. Consider equispaced partitions of [a,b] for the function f(x) = e*. Show that
U(f) = L(f) = €® — e without direct integration.

Theorem 9. Let P, P* € Pla,b].

We say that P* is a refinement of P iff P C P*

We have L(P*, f) > L(P, f) and U(P*, f) < U(P, f)
Also L(f) < U(f) for any P € Pla,b]
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Theorem 10. Riemann condition for Riemann Integrability

f € Rla,b] iff Ve > 0,3P € Pla,bl; U(P, f) — L(P, f) < ¢

Theorem 11. If f, g € R[a,b] then

1. f+g€Rla,bl and f;(f(x) + g(z))dz = fff(x)dx + f;g(x)dx

2. fg € Rla,b

3. If f < g on[a,b] then f; f(z)dx < fabg(x)dx

4. 1fl € Rla,b] and | [, f(z)de| < [ |f(2)lda

5. If c € (a,b) then f € Rla,c], f € R[c,b] and fabf(x)dx = [ f(z)dx + fcbf(x)da:

Definition 2. Motivated by the above, we define
[ f@)de =0 and [, f( dx——ff Ydx for b > a.

Theorem 12. f € Rla,b] = Ve > 0,3P € Pla,b], Vi, € [xp—1, xi]; | Doy [{tr)Axy—
f; f(z)dx| <€

Note 4.

1. The converse of the above theorem is also true, so

f € Rla,b] and I = f; f(x)dx iff

Ve > 0,dP € P[CL, b],Vtk € [:ck_l,a:k]; | ZZ:1 f(tk)ASCk — [’ < €

So one can use the above as the definition of the Riemann integral.

2. Also one can show that it is sufficient to use the equispaced partitins, i.e.
Let Pla,b] be equispaced partitions(i.e. Axyp = (b —a)/n). Then f € Rla,b] iff
Ve > 0,3P € Pla,b; U(P, f) — L(P, f) < ¢

3. These lead to the following simple definition

P c Pla,b] and Axy, = (b—a)/n. Then

f € Rla,b] and I = f; f(x)dx iff Vi, € [xp1, g imy, oo Yy f(te)Axy, = 1

Theorem 13. Fundamental Theorem of Calculus
If f e R[a b| and there exists F' € Dla,b] such that f = F'
then f f(z)dx = F(b) — F(a).

Definition 3. Strong forms of Continuity

1. f is uniformly continuous on A i.e. f € UC(A)

iff Ve > 0,30 > 0,Vz,y € A; |z —y| <d=|f(x) — f(y)] <e€
2. f is Lipchitz continuous on A i.e. f € LC(A)

Theorem 14. f € LC(A) = f € UC(A) = f € C(A)
Theorem 15. f € Cla,b] = f € UC|a,b] = [ € Ra,b]
Example 2. Show that % is not uniformly continuous on (0, 1] but 2 is.

Theorem 16. Second Fundamental Theorem of Calculus
Let f € Rla,b], € [a,b] and F(z) = [ f(t)

If f € Rla,b] then F € Cla, ]

If s € (a,b) and f € C(s) then F' € D(s) and F'(s) = f(s)
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Theorem 17. Integration by Parts

]fF G dzﬁerentiable on [a,b],F' = f € Rla,b] and G' = g € R|a,b]. Then
b

Ji F()g(x)dz = F(b)G(b) — F(a)G(a) — [, f(x)G(x)dx

Theorem 18. Change of Variable

g has continuous derivative g on [c,d]. f is continuous on g([c,d]) and let F(x) =
fgx(c)f(t)dt,a: € g([c,d]). Then for each x € [c,d], [ f(g(t))g'(t)dt exists and has
value F'(g(x)).

Theorem 19. Leibniz Rule
Let f be continuous and the functions a(x) and b(x) be differentiable. Then
b(x

L [0 F(tydt = (b)) (x) — fla(z))d(x)

Theorem 20. Mean Value Theorem for Integrals
f €Cla,b]. Then there exists ( € (a,b) such that fabf(x)dzlz = f(¢)(b—a).

Theorem 21. Generalized Mean Value Theorem for Integrals
f € Cla,b], g € Rla,b] and g does nOt chcmge sign on |a,b]. Then there exists
¢ € (a,b) such that fab f(x)g(z)dx = f g(x

3 Improper Riemann Integral

Definition 4. Improper Integrals of the First Kind
Suppose f; f(z)dx exists for each b > a

Iff limp_ o0 fabf(x)dx exists and equal to I € R we say that [~ f(z)dx converges to
the value I and diverges otherwise.

Theorem 22. Direct Comparison Test for Integrals
Let f,g € Rla,b] for allb > a and 0 < f(x) < g(x) for all x > a.
If [ g(x)dx converges, then [, f(x)dx converges.

Theorem 23. Limit Comparison Test for Integrals

Let f,g € Rla,b] for all b > a and f(z),g(x) > 0 for all x > a.
If lim, oo g(( ; =c, then if

1. c € (0,00) then [~ f(z)dx conv.& [ g(x)dx conv.

2. ¢c=0and [~ g(x)dx conv.= [~ f(z)dzx conv.

3. c=o00 and [, g(z)dz div.= [ f(z)dz div.

Definition 5. Other types of Improper Integrals

Cfila,00) = R [ f(2)de = limy e f;f(x)d:v

(=00, b] 5 R: [0 fx)de =lim, o [ f(z)da
R—R: foof v)de = [ f(z)dz + [ f(z)dz,c € R
: (a,b] - R: f f(z)dr = limy_+ ftbf(a:)dx

a,b) 5 R: [V f(x)de =ty [1f(z)de

a, ) U (e,b] = R: [V fx)de = [© fx)do + [ f(x)de

S T e =
= =
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Note 5.
1. If types & and 6 lead to oo — oo we try the Cauchy Principal Value given by

limy,_ o0 f_bbf(a:)dx for case 3 and lims_yq (f;_é f(x)dx + beM f(x)d:r:) for case 6.

2. Stmalar types of convergence tests exists for above types of improper integrals.

Example 3.

1. andf |z Ldx if it exists.

2. Prove that [°|f(z)|dz conv. = [ f(z)dx conv.

3. Prove that if |f(x)| < Me*, then the Laplace Transform of f(x),F(s) =
I, f(@)e " dx exists for all s > a.

Example 4. Gamma function is defined by I'(x) = fooo e 't tdt. Show that
F(z) exists iff x > 0.

z)=(x—-DI'(x—1),2z > 1.

['(n) = (n —1)! for all integer n > 1.

lim, 00 I'(2) = 00 = lim, 0+ ['(2)

we can use (2) to define I'(x) for x < 0.

['(z) does not exist for v =0,—1,—2,-3,---

Show that T'(3) = /7 and [;° e P'dt = /7 using I'(x)[(1 —x) = T
8. Use the formula for the n dimensional ball V,,(r) = 1“(71r—-72;g) to find the volumes of
2,3,4,5 dimenstonal balls.

9. Show that T'(x) is continuous on (0, 00)

10. Prove that the Beta Function B(x,y) = fol t Y1 — ) tdt emists iff v,y > 0. It
I'(z)l(y)
I'(z+y) -

NS Srds o~

can be shown that B(x,y) =

Example 5

1. Test the convergence of fooo SH;I

2. Fresnel Integrals are defined by S(x) = [ sin(t*)dt and C(x) = [ cos(t*)dt.
Test the convergence of S(c0) and C(oco )

3. The Logarithmic Integral is defined by li(x) = O'r 1dtt Check the convergence of

each of the following: f1/2 di f1/21dt 2 dt (oo di

logt’ ogt’J1 logt’J2 logt
Example 6. The exponential mtegml 15 deﬁned by Fi(x) = — f tdt. We are
interested in the related integral F(z) = [[ < e dt which is equal to Bi(—x)— FEi(—1).

1. Show that F(c0) is a converging Zmpmper Riemann integral.

2. Show that F(0) is a diverging improper Riemann integral.

3. Write the 2nd degree (n = 2) Taylor polynomial and the integral form of the
remainder of the Taylor series of F(x) at a = 1.

4. What can be the radius of convergence of the Taylor series of F(x) at a = 17
Direct proof is not needed, use the previous.

4 Taylor Series with Remainder

Theorem 24. Taylor series of f € D" at a.
f(x) =T,(z,a) + Ry(x,a)
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Taylor Polynomial T, (z,a) = >} _, f(k];!(a) (x — a)*
Lagrange Remainder R,(x,a) = fé::ig? (x — a)"

where ¢ between x and a

Proof. Use Generalized Mean Value Theorem on F(t) = > 1_; % f®(t)(z — t)* and
G(t) = (z — )", B

Example 7. Let f(z) = In(1l + x). Show that

1. Ty(x,0) = S0 U gk

2. Find the range of convergence of x

3. Show that R,(x,0) = 0 asn — oo for -1 <z <1
4. Find the value of In(1.5) accurate to 0.000001

Theorem 25. Integral form of the Remainder. f € C"*!
Ry(z,a) = 5 [7 f0HD(t) (2 — t)"dt

Example 8.
1. Show that R,(z,0) — 0 as n — oo for x < 0
2.Find the value of In(0.2) accurate to 0.000001

Theorem 26. Other forms of Remainders. f € C"*!
R, (z,a) = F(Q) (=" Plx—a,0<p<n

T nl(p+1) o
r(n+1
f(n+1§!0 (ZU _ a)n+1
. (n+1)
p =0, Cauchy Remainder R,(z,a) = fn—,(o(x —()"(x —a)

where  between x and a

p =n, Lagrange Remainder R, (x,a) =

Theorem 27. When a is fized, ¢ in the error term is a function of x, and can be
written as C(x). If f € C" then f™+D(¢(x)) € C

Proof. We have f")(¢(z)) = (n + 1)!%, so clearly f("*1)(¢(z)) is continu-
ous for z # a. For z = a, this leads to the 0/0 situation. But either a < {(z) < x
or r < ((x) < a is true and since lim, ,,z = a, we have by the Sandwitch
theorem,lim, ., ((z) = a. Now If f € C"™ and if we define ((a) = a, we have
lim, o fD(C(2)) = fFO) (limy s, C(2) = () = fOD(¢(a)), so ¢(x) is con-

tinuous at a too. Note that this means ((z) is continuous at O]

Example 9.

1. Find the value of In(0.02) accurate to 1075 using the Taylor series expansion at
0 for x < 0.

2. Find the values of In2,1n5,1n500,1n(0.2),1n(0.02) accurate to 1075 using the
Taylor series expansion at O for x > 0.

3. Find the Taylor series expansions for e*,sinx,tan! z, tanx at 0 with remainder.
4. Find the range of convergence.

5. Show that the remainder R, (x,a) — 0 as n — oo within the range of convergence.
6. Find the values of e,sin1,tan"' 1 accurate to the 10th decimal place.
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7. Find the values of e* sind,tan"'4 accurate to the 6th decimal place using a
suitable Taylor series expansion.

8. Deduce the values of 7. from 6. whenever it is possible.

9. Show that e s irrational.

Definition 6. Power Series

An infinite series of the form > )~ ug(x) is

1. Converges point-wise to S(x) iff

Ve > OVz3IN > 0Vn;n > N = | Y0 _qup(z) — S(x)] <e
2. Converges Uniformly to S(x) iff

Ve > 03N > OVaVn;n > N = | Y0 _qup(z) — S(x)| < e

Definition 7. A Power Series at a
is an infinite series of the form S(z) = > 1o ap(z — a)*.

Theorem 28.

1. There exists R € [0,00] called the radius of convergence such that a power series
converges absolutely and uniformly for | — a| < R and diverges for |x — a| > R.

2. The power series may converge conditionally or diverge for |z — a| =

3. Radius of convergence R = W

4. Since the power series is uniformly converges for v € (a — R,a + R) the series
may be differentiated term-by-term giving S'(x) = > oo | kap(z —a)*~! with the same
radius of convergence.

5. Since the power series is uniformly converges for x € (a — R,a + R) the series
may be integrated term-by-term giving [ S(t)dt = 37 ) 145 (x — a)kJr1
radius of convergence.

with the same

Example 10. Consider the ellipse = -+ y =1

1. Write down the length of the pemmeter C(a,b) as a definite integral.

2. Confuert the above z'ntegml into the Incomplete Elliptic Integral of the Second
Kind E(¢ fo \/1 — k2 sin® xdzx.

3. What is C’(a a)?

4. Use Taylor Series to calculate C(a,2a)/C(a,a) accurate to 0.001.

Example 11. Consider a pendulum of mass m and length ¢ oscillating at an angle
2ac 1n a gravitational field of strength g.

1. Write the time period T'(«) as a definite integral.

2 C’onvert the above integral into the Incomplete Elliptic Integral of the First Kind

fo —dx.

1- k251n2x
3. What is T'(0) or the limit?
4. Use Taylor Series to calculate T (3) /T(0) accurate to 0.001.

Note 6. We may write the Taylor erpansion as
fla+h) =31 uD"f(a) + oo D" fa + 0h)
where D = h-L D¥ = D(D" 1),D0 =1 and 0 € (0,1).
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Theorem 29. Second Deriwative Test

fech fl(a)=0.

1. If f"(a) > 0 then a is a local minimum of f.
2. If f"(a) <0 then a is a local mazximum of f.

Proof. Use the second order Taylor series f(a+ h) = f(a) + f'(a)h + 5f"(a + 6h).

Note that the first two terms are the Tangent Line at a. Since f’(a) = 0 we have
fla+h) — f(a) = 5f"(a+ 6h). Since f” € C and f"(a) > 0, we can select h such
that f"(a+ 0h) > 0 for all 6 € (0,1). []

Casio 1. CASIO fx-991ES
Formula:(ALPHAX + 1)22PALPHAX — 1026CALCX?10 =
Sum: SHIFTS"20: S ((—1)2 Y (ALPHAX —1)(1+2)2DALPHAX + ALPHAX, 1,10)

Mathematica 1.

Formula: fn] := (1+n)2" — 105 Table[{n, f[n]}, {n,1,50}]
Sum: Sum[(—1)A(k — 1)(1/2)Ak/k,{k,1,10}]

Taylor Series: Series|Log[l + z], {x,0,20}]

5 Numerical Integration

Theorem 30. Trapezoidal Rule

f S C2[Cl,b],h: b_Taax() = a,Tp = b:xk - xO"‘kh,O <k< TL,C < (CL,b)
b n— —a)?

J2 f(@)de = & [ flzo) + 202 Flaw) + Flan)| = S 17(Q)

Theorem 31. Simpson’s Rule(see Proofs.pdf for the proof for the error)
f € C4a,b],n is even, h = I’_T“,:co =a,r, =b,xp =29+ kh,0 <k <n,( € (a,b)

Jy fx)de = [f (wo) + 4302y o) + 232075 flaw) + f(xn)} — G p @) (¢)

kodd keven
Example 12.
1. For each of the following integrals, use the Trapezoidal and Simpson’s rules to
find the number of divisions needed to find its value accurate to 0.001 and find the
integral to that accuracy.
fol sin(z?)dw
f02 cos(z?)dx
fol e dx
fog V2 — cos? xdx
J: 210 @dx
2. Derive a numerical integration rule and its error that uses the function value at
the mid point (Mid Point Rule), left end point, right end point of each interval.
3. Use Mid Point Rule rule to do the integrals in Q1.
4. Show directly that cubic polynomials are integrated exactly(error is 0) by the
Simpson’s rule.
5. Use Taylor series to derive an approximate formula for the remainder in Trape-
zoidal rule.
6. Use integration by parts to prove the error formula for the Simpson’s rule.



MA1023BC-18S2-Notes ucjaya@uom.1k-2020/01/27 Page 9 of 28

Example 13.

One method of doing numerical integration is Gaussian Quadrature. Note that both
the Trapezoidal and the Simpsons rules looks like f; f(r)dr = >, wif(xy) and we
knew xp and found wy. In this method we find both x; and wy so that the integral
and the sum are equal for a given n degree polynomial p(x). It is achieved by forcing
both sides equal for each power of x7 for j = 0,1,2,,n. What is the degree of the
polynomial we need to use if we want 3 points and the corresponding 3 weights? Find
them for |a,b] = [—1,1] and use it to approximate integrals given above.

Casio fx-991ES uses a variant of this method.

Example 14. We want to approximate the value of F(2) = fZ eldt numerically
accurate to 0.001.

1. Consider the method of term-by-term integration after using the Taylor series of
et at a =0. What is the degree of the Taylor polynomial (n) that we have to use?
Note that f(”“)(C) in the error term is a continuous function of t.

2. Find the value of F(2) accurate to 0.001 by this Taylor series method. Use the
sum function in the calculator and confirm your answer by integrating function in
the calculator.

3. Consider method of the Trapezoidal rule. How many intervals (n) needed?

4. Find the value of F(2) accurate to 0.001 by this Trapezoidal method. Use the
sum function in the calculator and confirm your answer by integrating function in
the calculator.

Casio 2. [(f(X),a,b,m) and the default variable is X and n = 2™ for the Simpson’s
method in model fr-991MS

Mathematica 2. Nintegrate|f(z),{x,a,b}, Method— > Trapezoidal Rule]

6 Interpolation

Theorem 32. Lagrange Method of finding the Interpolating Polynomial p(z) of f(x)
for the points x,0 < k <n

w;(r) = [[1_o(z — 2:)

i#£]
w(z) = H?:o(x — ;)
{(a) = 205 =TTy (£22) = Gty ond (o) = 05 # b and 14f j = k.
ple) = Sy F@n)la(x) and p(azy) = f(27),0 < j <n

f(z) = p(x) + 1 (n+1§<)w( ) with ¢ € (29, 2,) when f € C Y

Example 15. Consider the data set A ={(2,1),(3,2),(4,3),(6,4)}

1. Show that that the data set may be generated by the function f(x) = 4sin2(%).
Find an upper bound for the error.

2. For the same function on [0,6], find the number of points required to make the
error < 0.001 and find the Interpolating Polynomaial.

3. Use the error formula for the interpolating polynomaial to derive the error formula
for the Trapezoidal Method. Can you do the same with the Simpsons Method?
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Example 16. Consider the data set A ={(2,1),(3,2),(4,3),(6,4)}.

1. Find the Interpolating polynomial by direct matriz inversion.

2. One way of finding the Lagrange polynomial is to define it as the iterative process
p(z) = po(x)(x — x9) + qo and po(x) = p1(x)(z — x1) + 1 and so on. See why this
method s working and find the Interpolating Polynomial for A. Mathematica seems
to use this method.

3. Another method of finding the Interpolating Polynomial is to use the Newtons
divided differences. For xg,x1,xs we define fxg,z1] = Je)=J@) g flzo, x1, 22] =

. T1—X0
f[xl’x;j:ﬁx“’xl] and so on and the interpolating polynomial is given by p(x) = f(xg) +

flzo, x1](x — zo) + flxo, 21, x2](x — x0)(x — 21). Use the method in (2) to see why

the formula is working and use it to find the interpolating polynomial for A.

5. Find a polynomial (Hermite polynomial) that goes though the above points of A

and satisfying p'(1) = 0,p'(2) = 1,p'(3) = 0.

6. Propose a method to fix a function consisting of a linear combination of x, e, sin x, cos a
to the above data.

Example 17.

1. Get the value of USD/LKR for the 1st of every month for this year 2019. (Write
the values).

2. Use the Interpolating Polynomaial to predict this value on 1st November 2019, 1st
December 2019 and 1st January 2020. (Write the polynomial and the predicted val-
ues. You can use a software, write the code).

3. For the data set {(zk,yr)},k = 0,...,n a natural cubic spline is a twice differ-
entiable piece-wise cubic polynomial p(x) which satisfies p(xy) = yr with p’(xy) =
p'(x,) = 0. Let p(x) = >0 pr(x) where pi(x) is the part of p(x) on [xp_1,xk]
which is 0 elsewhere. Assume that pp(x) = ap(x — 1) +bp(x — 21.)? + cp (v — 1) + d),
and that Az, = x1. — x_1 = h is a constant.

Derive the formula sp1+4s,+Sk_1 = h% (Yer1 — 2ux +ye—1); k=1,...,n—1 where
s = p" (k).

Also write the system of equations in matriz form that must be solved to find s;..

4. Use Cubic Spline to predict the same values (Write the calculated sy values, the

last cubic polynomial p,(x) and the predicted values. You can use a software, write
the code).

Mathematica 3. InterpolatingPolynomial[{{2,1},{3,2},{4,3},{6,4}}, z]

7 Numerical solutions of non-linear equations of one variable

Algorithm 1. Bisection Method

1. Find ag,by such that f(ap) and f(by) are of different sine(say f(ap) < 0 and
f(bo) > 0)

2. k=0.

3. T = —ak;bk
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4. If f(x) = 0 then stop and return xy,

If f(zr) <0 then a1 = xp and by = by

If f(zk) > 0 then by = z1 and apr1 = ag

5. If Stopping Condition(e.g. |f(xi)| or |by, — ag| or k less than a given number) is
True then stop and return xy,

6. k< k—+1 and goto &

Theorem 33. Convergence of the Bisection Method

1. f:]a,b] = R

2. [ is continuous (ie.f € C).

3. ag, by € [a,b] and we select a, by, xy for k > 0 according to the above algorithm.
Then

1. limy o0 T = limy o0 ag = limy_o0 by = 2 € [a, ] is a root of f.

2 fap — 2| < Hbe—ar] = () oo —ao) < 3) T p—al

Casio 3. Bisection Method
ALPHA X ALPHA = ( ALPHA A + ALPHA B ) +~ 2 ALPHA : ALPHA X-eb -
ALPHA X CALC

Mathematica 4. Bisection Method

Algorithm

flr_]:=x-E(-x);a = 0; b = 1; Forlk = 0, k <= 19, k++, {x = (a + b)/2, Print/NJk,
a, b, z, flz], Absla - b]/2, 10]], If[flx] == 0, k = 20, If[f[z] > 0, b = z, a = z][}]

Builtin function
FindRoot[f[z] == 0, {z, 0}], by iterations starting o = 0

Theorem 34. f: A — R
feCl(A) = f e LC(A) when A is closed with L = max{|f'(x)| : x € A} using
Mean Value and Extreme Value theorems on f.

Definition 8. Cauchy Sequence and Completeness.

Let u, : N — A be a sequence.

1. uy, is converging on A iff dJa € A,¥e > 0,dN > 0,Vn > 0;n > N = |u, —a| < e
2. up is a Cauchy sequence on A iff Ve > 0,AN > 0,Vn,m > 0;m,n > N =
U, — up| < €

3. A is Complete iff Every Cauchy sequence on A is converging to a point of A.

Theorem 35.

1. All converging sequences are Cauchy.

2. Q is not complete. Takeun:1+%+%+---+%—>e as n — 00.
3. R™ is complete.

4. A closed subset of a complete space is complete.

5. A complete space is closed.

Definition 9.
1. g 1s a Contraction iff it is Lipchitz continuous with Lipchitz constant L < 1.
2. z id a Fized Point of g iff z = g(z)
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Theorem 36. Global Convergence of the Fized Point method(Banach Fixed Point
Theorem,)

1.9 : la,b] — [a,b] i.e. g([a,b]) C |a,b]

2.9 1s a contraction with Lipschitz constant L

3.z € [a,b] and x4 = g(xg), k>0

Then

Llimy o 2, = 2 € [a, b] is a unique fized point of g

2|y — 2| < £y — x| < £5]b— qf

Theorem 37. Local convergence of the Fized Point method

Let z = g(z) be a fived point. If g € C* with |¢'(z)| < 1, then there exists a
neighbourhood of z such that the fixed point method is converging.

Note that z = g(z) and g € C implies that there is a neighbourhood of z that the
condition 1. is met.

Algorithm 2. Fized Point Method

1. Select xg

2. k=0.

3. Tp1 = g(zp)

4. If Stopping Condition(e.g. |f(zk)| or or k less than a given number) is True then
stop and return xj

5. k< k+1 and goto 3.

T and 2° —x —1 = 0. For each case

Example 18. Consider the equations x = e~
1. Find wntervals that contains real roots.
2.Find number of iterations needed to find each root to an accuracy of 0.0001 using
each of the methods Bisection/Fixed Point

3.Do the iterations and find all real roots.

Example 19. Let T,,(z) = >, _; <_]j)k be the n th degree Taylor polynomial of e™* at
r =0 and lim,_ .o T),(x) = e™*. Solve x = Ty(x) and find an approximate solution
tox =e". Also find a n for which the difference in the solutions to x = T,(z) and

x = e 7 is less than 0.001. Assume that one real solution to x = T,(x) remain in
[0.5,0.61] for all n > 2.

Example 20. Find the global maximums of

1. w(z) on [2,6]. w(x) = (z —2)(x —3)(x —4)(x — 6)
2. f"(x) on [0,1]. f(z)=e", sin(z?)

3. fW(x) on [0,1]. f(z) =e ™ sin(z?)

Casio 4. Fized Point Method
ALPHA X ALPHA = ¢eY -ALPHA X CALC =

Mathematica 5. Fized Point Method

Algorithm

glrJ:=FE(-x);x = 0; Forlk = 0, k <= 19, k++, {x = gfx], Print/[N{k, x, Abs[x -
olall}, 10]})

Builtin function

FindRoot[f[z] == 0, {z, 0}], by iterations starting o = 0



MA1023BC-18S2-Notes ucjaya@uom.1k-2020/01/27 Page 13 of 28

Note 7. See the note AllRoots.pdf on finding the complex roots of x> —x —1 =0
using the Fixed Point method.

Definition 10. Newton’s method for finding roots of f(x) =0

R

Note 8. We can analyze the Newtons method as a Fized Point Method with g(x) =

xr — J‘f,((xx)) when f'(z) # 0. Then ¢'(x) = fé;f,)(j;;gf) indicates that local convergence is
guaranteed.

Theorem 38. Local convergence of the Newton’s Method
Let z be a root of f. If f € C* and f'(z) # O then there exists a neighbourhood of z
where the Newton’s method is converging.

Theorem 39. Global convergence of the Newton’s method(Newton-Kantorovich The-
orem, see Proofs.pdf for the proof)

1.f:]a,b] = R
2.f" #£ 0 and there exists > 0 such that ‘f,%x)‘ <p
3.f" is Lipschitz continuous with constant ~y
4.x0 € [a,b] and xpy = ) — f,((f;’;)), k>0
|Fy| =
6. =afy < %
7[r0 — 20, 29 + 2a) C [a, b]
Then

1. limy 00 T = 2 € (19 — 200, 9 + 20| 15 a unique root of f
2. |z — 2| < 200" !

T and

Example 21. Consider the Newton’s method of finding the real roots of x —e~
P —r—-1=0

1. Treat the method as an fixed point method and find the no of iterations needed to
calculate the root to an accuracy of 10~* and find the root.

2. Use the error formula above for the Newton’s method and find the no of iterations
needed to calculate the root to an accuracy of 10~* and find the root.

3.Use more terms in the Taylor series(instead of 2 terms used in the Newton’s
method) and propose a possibly faster method to find the root.

4. If f was not differentiable, propose a method which uses the secant(instead of the
tangent) joining two successive points.

5. Try to find complex roots using the Newton’s method(see Note 3).

Example 22.

1. Do Example 5 for sinx = 2z and v = e~
2. Try to solve x™ =0 for m € R. What is going wrong/right?.

3. Show that the sequence x,1 = 5 + %k converges to \/a, provided we select xy on
a suitable range. What is such a range?

4. Suppose we want to solve tan~'x = 0 by the Newton’s method. Find the value z

x
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such that the Newton’s method is converging for 0 < xg < z, diwverging for xo > z
and enters into a cycle for ro = z.
5. Your CASIO calculator can integrate, f; f(z)dz is evaluated as [(f(x),a,b).

Find the z wvalue for which P(x < z) = 0.8 when X ~ N(0,1), ie when X is

Normally distributed with mean 0 and standard deviation 1 which is having a PDF

p(r) = 7z 7.

6. Find tl;re height of the circular sector with arc length 2x and chord length x.
7. What is the height if the shape is a parabola?

Example 23. An iterative method of finding solutions to a mon-linear equation
f(x) =0 is said to have a convergence of order p iff |xri1 — z| < rlzr — z|P where xy,
1s the kth iteration, z 1s the solution and r is a constant. Show that p = 1 for the
fixed point method and p = 2 for the Newton?s method.

Casio 5. Solving cubic 23 + 22 + 3x + 4 = 0 with roots x1, T2, T3
MODE 5:EQN 4:ax® +br? +cx+d1=2=3=4==2a0l =22 = 23

Mathematica 6.

N Roots|z® —x — 1 == 0, 2]
NSolve|flz] == 0, x]
FindRoot[f[z] == 0,{z, 20}]

8 Bivariable Real Analysis

Definition 11. Functions of two variables f : A CR?> -+ R

Example 24. Draw the graphs of the following functions

2 2 2
L flr,y)=a>+y* 2 flry)=va2+y? 8 T+5-H=1
Definition 12. Limit

lim g y) s ap) f(2,y) = L &
Ve > 035 > 0¥(x,y),0 < d((x,y), (a,b)) <0 = |f(xz,y) — L| <€

Note 9. Matric

d : R? — [0,00) is a distance measuring function, called a Matric in R*. Some
options are

L(w=a)P+(y—0? 2 |v—a+ly—b 3 max{lr—al ly— b}

One can show all these are matrics. We will use the first matric.

0 < d((z,y),(a,b)) < d is an open set(without its boundary) around and excluding
(a,b). Such a set is called a deleted neighbourhood which we write in short as dnbd.

Example 25. Use the definition to show that lim, o3y = 6

Theorem 40.
Iflim, )y (ap) f(2,y) = L, lim, s, f(2,y) = 9(y) in a dnbd of b and lim,_;, f(z,y) =
h(x) in a dnbd of a, Then lim,_,, h(x) = lim, ; g(y) = L.

Proof.
Let € > 0, then lim, ) (a5 f(z,y) = L implies 3§ > 0,V(x,y);
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0<(x—a)l+({y—0b2<d=|f(z,y) — L| <e/2.

lim, ., f(z,y) = ¢g(y) in a dnbd of b implies 39;, whenever 0 < |y — b| < 4y,
d09(y) > OVz such that 0 < |z —a| < da(y) = | f(z,y) — 9(y)| < €/2

Let 83(y) = min{d(y),d/v2} > 0 and &, = min{dy,5/v/2} > 0

Now when 0 < |y — b| < d4 select x such that 0 < |z — a| < d3(y). Then

0 < |z —al < d(y)so |f(z,y) —g(y)| <e/2.

We also have 0 < |z—a| < 5/\/§and0 < |ly—=b| < 5/\/§so() < \/(3: —a)’+ (y—0)?2 <
0 which implies |f(x,y) — L| < €/2.

Now [g(y) — L| < |f(z,y) — g(y)| + | f(z,y) — L| < € which means

L =lim, ; g(y) = lim,_ lim,, f(z,y)

In the same way we can prove L = lim,_,, h(x) = lim,_,, lim,_;, f(x,y) ]

Note 10.

When the one variable limits exist, but the iterated limits are different, this theorem
can be used to show that the double limit does not exist in R.

For ezample let f(z,y) = {7 for (z,y) # (0,0). Then limyo f(z,y) = —1 = g(y)
exists in a dnbd of 0 and lim,_,0 g(y) = —1. Also lim,_,o f(z,y) = 1 = h(z) exists in
a dnbd of 0 and lim,_,o h(z) = 1. Therefore lim, ) (0 f(2,y) does not exist in R.

Theorem 41.
If img ) ap) f(2,y) = L and lim,_,, g(x) = b then lim,_,, f(z,g(x)) = L

Proof. Let € > 0, then lim, )4 f(2,y) = L implies 36 > 0,V(z,y);
0<(r—a)l+(y—0b2<d=|f(z,y)—L| <e

lim, o g(z) = b implies 36, > 0Vz,0 < |z — a| < 61 = |g(z) — b] < I/V2

Let 83 = min{6&;,6/v/2} > 0.

Now if 0 < |z—a| < d3 we have 0 < |z—a| < 6/+/2 and |y—b| < §/v/2 where y = g(z).
Therefore we have 0 < y/(z — a)? + (y — b)2 < ¢ which implies |f(z, g(z)) — L| < e.
This means lim, ., f(x, g(x)) = L. O

Note 11.

If g is continuous such that g(a) = b we get lim, ., g(x) = g(a) = b which is a
required condition.

If we can find two different functions g, h such that lim,_,, g(z) = b = lim,_,, h(z)
but if lim, ., f(x, g(x)) # lim,_,, f(x, h(z)) this means the double limit does not ex-
st in R.

For example let f(z,y) = &ts for (z,y) # (0,0). Let g(x) = max which gives
lim, , g(x) = 0. Butlim, o f(7, g(z)) = 1=, so the answer depends on m. There-
fore lim, )0 f(2,y) does not exist in R.

Example 26. Investigate the existence of the limit, lim, ) for the following

functions.
2 2 Ty

_ 52——7—52 7(aj>y>: (070) . R ey ,(x,y) =+ (0,0)
1. f(x,y){o (2.9) = (0,0) 2. f( ,y){o (e9) = (0.0
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Z22

e o (@y) #(0,0)
v _ 22y2+(x—y)
3. f(x,y) {0 (z,y) = (0,0)

:Usini Yy # 0

4. f(fc,y){o =0

Definition 13. Continuity of f at (a,b) i.e. f € C(a,b)

lim g ) (a0 f(2,y) = f(a,b)

Definition 14. Partial Derivatives

fola,b) = fi(a,b) = G(a,b) = limy,, LD = limy, o, L2 oD

fy(a,0) = fo(a,b) = agj(a, b) = lim,,, {0000 = Jim,, ,, et 5 f0d)

Definition 15. feC' & f, € C and f, €C

Theorem 42. Mean Value Theorem

1. £ D—=RD={(z,y)|(x —a)*+ (y —b)? < §}

2. [, and f, exists on D

3. Az? + Ay? < 62

Then

1. fla+ Az, b+ Ay) = f(a,b) + Axf,(a+ 0Ax,b) + Ay f,(a + Az, b+ aAy)
2.0<0,a<1

Definition 16. Differentiability of f at (a,b) i.e. f € D(a,b)
1. fa, fy exists at (a,b)
2. There exists § > 0 and a function ¢ such that for all \/Ax? + Ay? < § we have

fla+ Az,b+ Ay) = f(a,b) + Axfi(a,b) + Ayf,(a,b) + 6(Az, Ay) and
o(Ax,Ay)

S.1m Az, Ay)—(0,0) VAT AyZ?

Note 12. Frechet Derivative

If we write h = ﬁi) and a = <Z), we have f(a+h) = f(a)+ f'(a)h + ¢(h) and

1m0 f(a+h)_|{,§ﬁ)_f/(a)h = limyjp |0 % = 0 where f'(a) = Vf(a) = (f.(a), fy(a)).

Such f'(a) are called Frechet Derivatives. In 2D it is called the Gradient.
Theorem 43. fcC' = feD= feC

Example 27. Let f(z,y) = g(v/2* + y?), g(z) = xsin1, g(0) = 0. Show that f € D
but f ¢ C?

Theorem 44. Chain Rule. f = f(x,y) € Ccl.
1 Ify=y(t),v =a(t) €C' then & = 9dv | I dy

T Oz dt dy dt
1 0 af o af o 0 af o of o
2. y=y(u,v),r =x(u,v) €C thenaf aiai"‘agazanda_i:a_ia_i—’_a_za_g

Note 13. The above may be written as

d oxr O
a (o0 or\ (g = 2 dwa) g o (98 Y (gu g = _of dww)
dt or Oy % O(xzy) Ot (uv) or Oy 8_3/ 8_y O(z,y) O(u,v)
U v

u

With = (x) and u = (
y v

(foz)(t) = (fox)(t)2'(t) and (f oz)'(u) = (f" ox)(u)z'(u)

), the above may also be written as
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We also see that (g—i g—z) = a(ax{y) = f'(x) is acting as the true derivative of

f = f(z,y). Therefore it is called the Gradient of f or Vf = gradf
oz

dr Oz
aQ

% o
ou Ov

The determinant, det w = 15 called the Jacobian

(u,0)

< <

Definition 17. Directional Derivative of f in the direction of the non-zero unit

vector u = (u,v) at a = (a,b) is Dyf(a,b) = lima; 0 f(aﬂAtvaAt)—f(a,b)

Theorem 45. f € C1,V f(a,b) #0

1. Dy(a,b) = &(a,b)u+ §(a, b)o = Vf(a,b)u

2. maxy Duf(a.b) = Dy ooy fab) = 9 (0, b)]
3. ming Duf(a,b) = D_g oo f(a,8) = — |V f(a, )]

Theorem 46. For the surface f = f(x,y) € C! at (a,b)
1. Normal vector : n(a,b) = (fz(a,b), fy(a,b), 1) = (Vf(a,b),—1)
2. Equation of the Tangent Plane:

a

z = f(a,b)+fs(a,b)(x—a)+f,(a,b)(y—b) = Vf(a,b) (i: b) = f(a)+V f(a)(x—a)

Example 28. Let f(x,y) = 2* +y* — 22 — 9> + 1. At (1,2) find
1. Direction at which the function is increasing most rapidly

2. Directional derivative in that direction

3. Equation of the tangent plane

Example 29. Assume that all functions are C!

1. Show that if x = x(u,v),y = y(u,v),u = u(r,s),v =v(r,s) then

D) _ Olry) Do)

o(r,s) — O(uw) O(r,s)

2. Show that if v = f(x,y),v = g(x,y) then a functional relation of the form

h(u,v) = 0 exists iff the Jacobian is identically zero.

Definition 18. Higher Order Derivatives
0 (0 0?
fx:c = (fm)x = %(a_i) - a_mé

Joy = (f:c)y = a%(%) - aayzéfa:
fyo = (fy)a = a%(%) — aa;gy
fw =y = &80 = 54
Note 14.

1. We write f € C? to mean that fiy, [y, fyz, fyy € C
2. In a similar manner we write f € C" to mean that all the n th order partial
derivatives are continuous. There are 2" of them.

3. There are "C,, = m!(ﬁm)!, n th order partial derivatives that contains x,m times.

vy (2,y)=(0,0)

Example 30. Let f(x,y) =
O ,(CU,:U) - (070)

Show that f.,(0,0) # f,2(0,0)
Theorem 47. f € C* = fuy, fye €C = foy = fyu
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Proof. Let ¢(y) = f(a+ Az,y) — f(a,y) = Az fy(a + aAz,y)

Then ¢(b+ Ay) — ¢(b) = fla+ Az, b+ Ay) — f(a, b+ Ay) — f(a+ Az, b) + f(a,b) =
Ay¢'(b+ BAy) = AyAxf,,(a + alx, b+ Ay)

Let o(z) = f(x, b+ Ay) — f(x,0) = Ayfy(x,b+vAy)

Then ¢(a+Ax) —¢(a) = fla+ Az, b+ Ay) — fla+ Az, b) — f(a, b+ Ay) + f(a,b) =
Az (a4 0Ax) = AxAyfy(a + 0Az, b+ yAy)

So we have fy,(a +aAx, b+ SAy) = f.(a+0Ax,b+~vAy) and letting (Ax, Ay) —
(0,0) we get fuy(a,b) = fy:(a,b) B
Example 31. If u = u(xz,y) € C? then prove that the Laplace operator V*u =
% + giyfj can be written as V>u gré‘ + },gjf L 3292
Theorem 48. Taylor series of f : R? — R fec™ at (a,b).
fla+hb+k)= an o D" f(a,b) + gy D fa + 0h, b+ OF)
where D = hi +/<; D™ = D(D™ 1), D=1 and § € (0,1)

Note 15. When n = 2 we may write the above as

fla+h)=f(a)+ Vf(a)h+ 3h"Hf(c)h

where V f = (fu, fy) is the Gradient and H f = <‘J]zm ?;;) is the Hessian.
yr  Jyy

and a = (Z),hz (Z), c=a+0h,0c(0,1).

Note that the first two terms are the Tangent Plane at a.
2

Also WTH f(€)h = B2 fo(€)+ 20k fuy (€)-+ K2 f (€)= K () ((% +E9) ??iiff{?)
if frz(c) # 0. Note that det Hf = forfyy — foyfue = foofyy — (foy)? when f € C2.
Also ttH f = fo0 + fyy ts the Trace of the matriz Hf.

Then
f:RZ= R, feC? Vfia)=
trHf(a) >0 and det Hf(a) >0
& fox(@) >0 and det H f(a) > 0

= fux(€) > 0 and det H f(c) > 0, for sufficiently small h
= f(a+h)— f(a) =1h"Hf(c)h > 0, for sufficiently small h

Definition 19.
1. f has a relative minimum at a iff f(a) > f(a+ h) in a nbd of a.

2. [ has a relative mazimum ot a iff f(a) < f(a+ h) in a nbd of a.
3. [ has a saddle point at a iff both f(a) > f(a+h) and f(a) < f(a+h) in a nbd

of a.

Theorem 49. f € C* and Vf(a) =

1. If det H f(a) > 0 and trH f(a) > O then a is a local minimum of f.
2. If det Hf(a) > 0 and trH f(a) < 0 then a is a local mazimum of f.
3. If det H f(a) < 0 then a is a saddle point of f.

Definition 20. a is a Critical Point of f iff Vf(a) is 0 of undefined
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Example 32. Find the critical points and determine the nature(max/min/saddle)
of them

1. f(z,y) =2 120+ ¢y> 2Ty +5

2. flayy)=a* +yt — 22 —9* +1

3. fla,y) =t +y*

4. Propose a method if det Hf =0 when Vf =0

Theorem 50. Implicit Function Theorem
Let f(z,y) € C', fy(a,b) # 0 and f(a,b) = c. Then there exists a unique function

y = g(z) € C! defined on a nbd of (a,b) with ¢'(x) = % such that f(x,g(x)) =
c.

Proof. WLOG assume f(a,b) = ¢ = 0 and f,(a,b) > 0. By continuity there exists
a nbd (a —d,a+0) x (b—09,b+9) of (a,b) such that f,(z,y) > 0. Now by MVT
fla,b+46/2) > 0 and f(a,b — §/2) < 0. Again by continuity wrt = we have
f(z,b+6/2) > 0 and f(x,b —3/2) < 0 for |x —a| < 6 < 6. Now by IVT
there exists unique y such that f(x,y) =0 for |y — b| < §/2. When x = a, this y is
bso y(a) =b. Now |z — a| < 01 implies |y — b| < §/2, which proves the continuity
of the function y = g(x).

Within a nbd of (a,b) we have f(z,g(z)) =0 and f(x + dz, g(z + dx)) =
Now f(x + dx,g(z + dz)) — f(z,g(z + dz)) + f(z, g9(z + dz)) — f(z,9(x )
Or 0z fo (2 + adz, g(z+0x)) + (g9(x +0x) — ( ))fy(l‘ g(2)+ (gl +ox) — gl

: _ 1 (xtdx)—g(z) _ _ falz,
Finally ¢'(z) = limg, % = 7w z( eC

0
) =

[

I

Theorem 51. Constrained Optimization/Lagrange Multipliers
Let f,g € C! and Vg # 0. Then the mazima/minima of f(x,y) subjected to
g(z,y) = 0 are included in each of

0 )
agé; =0 and g(x,y) =0

2. Vf(z,y) = AVg(z,y) and g(z,y) =0

Proof. We have g € C! and WLOG assume g, # O(note that if g, = 0 then g, # 0
since Vg # 0, which means we can use z as the independent variable). By Implicit
function theorem there exists a function y = y(z) € C! such that g(x, y(x )) = 0. By

chain rule 0 = gxfzi_i"}‘gy% or g—i = —g—z Now since f € C! we have % = $d£+fydx _

fa —fyﬁ = i(fxgy—gxfy) = idet% =0« det% =0
Also Vf =AVg & f. = Mg, and fy = Agy implies det gg’zg = AJ2Gy — AGyge = 0
On the other hand let det 5 ( = fz9y — 92fy = 0 with g, # 0. If g, # 0 too then

;‘w = ;”y = A means V[ = >\Vg. However if g, = 0 then f, = 0 too so f, = Ag, for

any A. Since g, # 0 we can define A\ = 5—3, which means V f = AVg again.

[]

Example 33.
1. Find the shortest distance from the point (1,0) to the parabola y* = 4x.
2. Substitute y*> = 4x or x = y*/4 and minimize the distance function in 1. as a
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function of y or x. Fxplain why we get/can’t get the answer in 1.

3. Find the absolute maximum/minimum of x* + y* — 2% — y*> + 1 on the disk
(x—1)*+y* <4

4. Find the directions of the azes of the ellipse 5x% — 6xy + by?> — 4o — 4y —4 =0

9 Least Square Polynomial

Theorem 52. Least Square Line y = ax + b for the points (zi,yr), 1 <k <n
That minimizes E(a,b) = > 1 (axy + b — yi)? is given by

(=on ) 6) - CGan)

This can also be written as X1 X (Z) = XTY where

Theorem 53. Properties of the Least Square Line
With T = % ZZ:1 Tk, Y = % ZZzl Yk Sza — % ZZzl(xk - f)z = % ZZ:l x% - 527 and
Sey = 3 2oper (@ =)Wk —T) = 3 > pmy ThlUk — TY

We have a = zﬂ
Also (T,7) is on the Least square line and therefore g =aT +b orb=aT — 7

Eaa Ea . .
If HE = (E 5 b> is the Hessian of F(a,b) we have HE = 2XTX and
ba  Lobb

det HE = E o Ey, — (Ew)? = 4n%s,, > 0 when xy, are different and
trHE = FEu0 + Ep =222 4+ 2n > 0 so (a,b) is a global minimum.

Example 34. Let A ={(2,1),(3,2),(4,3),(6,4)}

1. Find the Lest Square Line for A.

2. Show that the least square parabola y = ax® + bz + ¢ for the data set (zg,yi), k =
1,2,---,n is given by

DT LT 2T
DT T 2T
g e 31
3. Find the Least Square Parabola for A

Example 35. Let A ={(1,1),(2,1),(3,2),(4,3)}

Find the least square polynomials of degree 0,1,2,3,4 for A if it is possible.
Calculate the exact error before and after finding the coefficients in each case.
Show that we have a unique solution when each xy is different.

Fit a least square function of the form y = ax + bx® + cx* for A.

Fit a least square function of the form y = ae® + bsinx + ccosz for A.

Find the best combination of functions out of {1, x, 22 €% sinz,cosx,logx} if we
are looking for a combination of 3 functions.

7. Show that the Correlation Coefficient given by r = \/% is a measure of the

> TRk
= Z TrYk
Z Yk

o O

S St o v~
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linearity of data in the case of the least square line.
8. Suppose we have a 3D date set B = {(1,1,1),(2,1,2),(3,2,3),(4,3,4)}. Propose
a Lagrange-type two variable polynomial and a least square plane.

Example 36. One method of finding the mazximum of a multivariate function E(a,b, c)
is called the Steepest Descent Method. Here we start at a given point (ag, by, co) and
select the direction of the maximum slope at (ag, by, cy). Then we follow the maxi-
mum slope direction till we get the mazimum along that direction as a one variable
function say at (a1,by,c1) and we repeat the process. Show that the maximum direc-
tions at (ag, by, co) and (ay, by, c1) are perpendicular.

The function to minimize for the least square parabola in the earlier question s
E(a,b,c) = 30 — 428a + 1649a* — 88b + 630ab + 65b* — 20c¢ + 130ac + 30bc + 4¢2.
Write the first two steps of the Steepest Descend Method starting from (0,0, 0)

Casio 6. CASIO fx-991ES

MODE 3:STAT 3:_+cx* 2=8=/=6=REPLAYUP 1 =2=8=/ = SHIFT
STAT(1) 1:Type, 2: Data, 3:Edit, 4:Sum(1:> 2% 25 x, 45y, 6> xy, 6:> 22,
752y, 85 at), T:Reg(1:A, 2:B, 3:C)

Mathematica 7. Fit[{{2,1},{3,2},{4,3},{6,4}}, {2? =z, 1}, 7]

10 Ordinary Differential Equations,ODEs

Definition 21. First Order ODE g—z = f(z,9),y(x0) = Yo

Theorem 54. Cauchy-Peano(Eziatence of solutions)
If f € C then the above ODE has a C' solution in a nbd of x

Definition 22. f € LC in y uniformly in x

iff AL > OVaVyr, yo; [ f(z,91) — f(@,92)] < Liya — y2

Theorem 55.

If % € C in a closed bounded set on R? then f € LC in y uniformly in x.

Theorem 56. Picard-Lindelof(Uniqueness of solutions)
If f € C and f € LC in y uniformly in x. Then the above ODE has a unique C!
solution in a nbd of x

Proof. Is based on defining a sequence of functions yo(z) = yo and yri1(z) =
fzi f(t,yx(t))dt and use a variant of Banach-Fixed point theorem as in the case
of the Fixed Point method in root finding. []

Example 37. Discuss the Existence and Uniqueness of the following ODEs.
1% =3 y(0) =0
2. W = yl3 y(0)=0

Definition 23. Variable Separable:f(x,y) = %; g,h € C;h(y) #0
J hy)dy = [ g(z)dx
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Example 38. dy = %, y(0) = V2

Solution 1. We expect trouble at y = 0.

2
Separating the variables and integrate, [ydy = [ e"dx = L =e¢"+c
Substituting boundary conditions: % =14c=c=0. So y; =" ory = +v2e"2.
But the only solution satisfying y(0) = V2 is y = V2e*/%. y is never 0 according to
this solution and the solution valid for all x € R.

Definition 24. Homogeneous:

y = vz, v—v(w) fw,ve) = ()EC g9(v) # v,z #0

W=yl =gh)=%= g(v) - Variable Separable

Example 39. dy = x;;y ,y(l) =1

Solution 2. We expect trouble at vy = 0. Put y = vx and % = dgf) = v+ xg—; =
x2;§;x2 = 1;” = + v 5023—; = % Separating the variables and integrate: [vdv =
[ade = % == + ¢ or s =a+cory® =22%(x + ). Substituting the boundary

condition: 1 = 2(1+c) we get ¢ = —%. Finally y* = 22*(x — 1) = (22 —1). We see

that x has to be > 1/2, soy = tx+/2x — 1. But the only solution satisfying y(1) = 1
is y = xv/2x — 1. As expected we have trouble at y = 0 or at v = % although x 1s
never 0. So the solution valid for x € (%,00).

Definition 25. Linear: f(z,y) = Q(z) — P(z)y; P,Q € C
Integrating Factor: I(z) = e/ P@)de = L(I(x)y) =1(2)Q(x) = y = 1= [ Q(2)I(z)dx

Example 40. Z—gyc + 2 =logz,y(l) =1

Solution 3. We can only have x > 0. The integrating factor is : I = e zdr —

e = 2. We don’t have to put a constcmt here since it is equivalent to multiplying

the whole ODE by a constant. Now 9: Y+ y d(xy) = rlnx. By integrating both

dx

sides: Ty = fxlnxdx—lnx7—ff”2ida: lna:——fxdx— lnx—xf—kc.

y = slnx — 7+ =. Substituting the boundary conditions: 1 = O — % +corc= %.
y=g5lnxr— 7+ %. The solution is valid for x € (0,00).

Definition 26. Bournoulli: f(x,y) = Q(x)y" — P(x)y; P,Q € C

p=y = E = (Ien)y g = (L-n)y " (Q(2)y" = P(2)y) = (1-n)(Q(x)—P(x)2)
So we have & + (1 — n)P(z)z = (1 — n)Q(x) Linear

Example 41. % + ¢ = 3 Inz,y(1) =1

Solution 4. We must have v > 0. Put z = y'=3 = y=2. We arrive at g—;+ (—2)%,2 =

(=2)Inz. Integrating factor I = el Tdr = e 2T = g2 G d(z—jz) = 22 %Inx or
vz =2 [a?Inzdr = —2(1na:”3_—_11—f”3_—_11%d:v =2lnz—2 27 %dz=2Inz+2+c

Now y=2 = 2zlnz + 2z + cx®. With the boundary condition y(1) = 1 we have

1=0+2+corc=—-1andy %= 2x(Inx + 1) — 22 finally y = \/2:10(111135+1—‘”)7 -ve

square root does not agree with the boundary condition. x € (0,a) where « is the
root of Inx + 1 — 5 = 0 which is 0.463922.....
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Definition 27. Ezxact:
M(z,y) + N(z, y)dy =0;N(z,y) #0; M, N GCl;%—]\j = ec
Then there ezists f such that af = M and 8—f = N (see proof)

dy _ 0fd 8fd df
= 0=M+NZ = 8$d§+aydi dx:>f—cconstant

Proof. Let %—J‘j =9 — P(z,y) € C.

Then M(z,y) = [ P(z,y)dy and N(z,y) = [ P(z,y)dx

Now [ M(x,y)dx

= [ | P(x,y)dydx

= [ [ P(x,y)dzdy, by Fubini’s Theorem for Double Integrals sinceP € C
= [ N(z,y)dy = f(z,y), say Then af—Mandg—]yt:N.

0%f _ oM H? 0°f _ ON _
Also note that s = g = = P and Jay = 0w = P.

So (%ng = aayaf automatically. []
Example 42.

L (P42 + ey +y) 2L =0,y(1) =1
2. (3% + 6xy?) + (62%y + 4y )dy =

‘gﬁl) so we expect trouble when y =0 and v = —

Here M = 2? + 9% = —x so f = f comstant y)dr = %3 +y?z + c(y). Here the
constant c(y) is a function of y since we kept y constant in the integration. Now
2
we have % =0+4+2yz+(y) =N =20y +y sod(y) =y and c(y) = % +c1. So
2
[ = %3+y2x+%+cl = ¢y oryQ(:z:nL%)Jr%?) = ¢y — c1 = a. With the boundary
conditions y(1) = 1 we have 1(14+3)+ 3 =a ora= 4. Nowy*(z+3) = — %3 or
2 _ 11-2a 11243

Solution 5. d—y

D[

Y= 3@ OTY = \/3@ainy Ve square root does nor match the boundary condition.

As expected we have trouble at x = —% and y = 0. The latter is when x> = 171 or
11 1 s/11

when v = /5. So the range of x is (—5,1/% ).

Note that we could have got the answer as follows if we knew that the above ODE 1s
exact. O = a:2+y —I—(Qxy—l—y) zmplzes [0de = [ 2*dz+ [(y*dx+2zydy)+ [ ydy =
3+f dm +?/2:3+yg;+y2:a

Definition 28. Reducible to Eract:

M(:Uy)+N(a:y)dy—OMN€C1,%]\; Wec

If (8—M — —) /N = g(x) is a function of x alone,

define I(x ) — ) 9(x)dr g 8(6 1) — ]aN + Nlg(z) = I%—Aj = a(%l): Fract
If (8N i ) /M = h(y) is a function of y alone,

define J(y) = el "W 5o W@Lyj) = J%—Aj + MJh(y) = J& = 6%\;]) : Ezxact

Example 43.
1. (2 +y°) — fvzﬂgi =
2.y — (23:—|—y)dx
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Solution 6. dy = % Again we expect trouble when x =0 or y = 0.
Here M = o —i—y and aM—Sy Also N = —xy? and%—lz:—yQ 50%—]\; %—J;f.

But (8]\; YN = (3y> + y?)/(—ay?®) = =2 = g(2) is a function of x only. Now

[ = el —3de = ¢~ — ;=4 This means that the original ODE is lagging a factor of
=% to be an Exact ODE. Multiplying by it we arrive at: x=' + 3z~ y2 du — (.
Multiplying by —3 we see that —3z~' — 3z~ %3 + x 43y2dy =0 or —3 d (lna:) +
dci(x_?’y?’) = 0. Finally we have —3Inx + x73y> = c. With the boundary condztzons
y(1) =1 we have 0+ 1 =c orc=1 and y? = 2*(1 + 3lnz) ory = zv/1+ 31Inz.
We need x > 0 for Inz to be defined and need 1 +31Inz # 0 or x # e~ V3 for dy to

exist. The latter corresponds to y # 0. So the range of x is (6_1/3, 00).
Definition 29. Second Order ODE. d—y f(z,y, g—i),y(xo) = 4o,y (T0) = Y

Deﬁnition 30. Second Order Linear ODE:

dmz b+ p(x )di + q(z)y = r(x), y(z0) = yo, Y (x0) = yg

d$2 4+ p(x) g + q(z)y = 0 is called the Homogeneous Equation and
d$2 4+ p(x) Z + q(z)y = r(x) is called the Non-Homogeneous Equation

Theorem 57.

1. If p,q,r € C then the above ODE has a unique solution in a nbd of x

2. The solution can be expressed as y = y. + yp

3. The Complimentary/Fundamental Solution y. is the solution for the correspond-
ing Homogeneous Equation.

4. It can be expressed as y. = au(x) + bv(x) where a,b are constants and u,v are
the Fundamental Solutions which are Linearly Independent, i.e.

V(a,b)[Vz(au(z) + bv(x) = 0) = (a,b) = (0,0)]

5. Note that u,v satisfy the Homogeneous equation on their own so is their Linear
Combination au(x) + bv(x)

6. Particular Solution y, is the solution for the corresponding Non-Homogeneous
Equation. It does not have an arbitrary constants as in the case of ..

7. None of u(x),v(x),y,(x) are unique. We can have u(z) in v(x) and wise-versa
in a way that the new ones are linearly independent. Also we can have parts of u(x)

and v(x) in y,(z)

Deﬁnition 31. Second Order Linear ODE with constant coefficients:
dxz -l-p + qy = r(x);p, q are real numbers

Theorem 58.

Method 1

By substituting y = ce®” in the Homogeneous Equation we arrive at the Character-
istic Equation o® + pa + q = (a — a)(a — b) = 0. There are three possibilities

1. a,beR,a# b= y. = ce™ + de® u(x) = e v(z) = e

2. a,b € R,a=b= u(x)=e". To get the other solution we let y = xe® and con-
firm that it satisfy the Homogeneous Equation. So v(z) = xe™ and y. = ce™ + dre™

3. a,b € C,a=a1+iay = b= y. = ce™’ sin agx+de™" cos agx, u(x) = e’ sin agsx, v(x) =

e cos asx



MA1023BC-18S2-Notes ucjaya@uom.1k-2020/01/27 Page 25 of 28

The Particular Solution y, may be obtained by assuming a solution and confirming it.

Method 2
If o? +pa+Q—(cy—a)(oz—b)—a(a—b)—a(a—b):a(a—a)—b(a—a)
We can write T4 + p2 + qy = L(% — qy) — b(% —ay) = £ — bz = r(z) and

gz ay =z or altematwely
dx2-|-pdy+qy— (x—by)— ( —by) = az—r(x)andg—z—by:z

In either case we get two First Order Lmear ODFEs which can be solved to find z
and then y.

Deﬁnltion 32. Reducible to Second Order Linear ODE with constant coefficients:

23;4 +p:l: + qy = r(x);p, q are real numbers
_ dy _ dy1 2d’y _ dPy _ dy
Let x = e = x = d:c2 + === - 50

x ifé + :cpdy + qy = T( ) = dzz +( — l)dy +qy = r(e*): Second Order Linear ODE
with constant coefficients

Definition 33. Wronskian
W(u,v)(x) = uv’ — vu’ = det (Z, ;},)

Theorem 59. If u,v are Fundamental Solutions to the Homogeneous Equation, then
1. W+ p(x)W =0

2. W(u,v)(z) = ce” I P = Wy, v)(20)e” ey POt

2. Vx, W(u,v) =0 or Vo, W(u,v) # 0

3. dz, W(u,v)(x) # 0 < wu,v are Linearly Independent.

Proof. Let W # 0. Then if Vz, au(z) + bv(x) = 0 implies Vz, au'(x) + bv'(x) = 0.
: u(z)  v(x)\ (a) _ (O
Or equivalently Vz, (u’(x) v’(x)) <b> = <0>

Since W = uv'—wvu' # 0, this implies that a = b = 0, so u, v are linearly independent.
On the other hand let W = wv’ —vu’ = 0. This means % = % or lInv=Inu-+Incor
v = cuor L.v+(—c)u = 0 but clearly 1 # 0 and therefore u, v are linearly dependent.
Ot in other words, If u, v are linearly independent then W = 0. [

Example 44.

1. Assume v(z) = a(z)u(x) and derive a method of finding a(x). Are the results
same as above?

1. We know that u(x) = e* is a solution to F — Zady + a*y = 0. Show that
v(x) = xe™ is the other Linearly Independent Solution.

2. Consider the ODE: 2*y" + z(x + 1)y —y = 0. Ifu(z) = % is a solution, use
Wronskian to find the other linearly independent solution v(x).

Theorem 60. If u,v are fundamental solutions to the Homogeneous Equation then
1. Particular Solution can be expressed as y, = a(x)u(x) + b(x)v(x)

(e 7)6)-0)
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0 v u 0
—rv __ 1 _ru 1
3. a' = 3 = g det <r v’) and V' = 7 = 3 det (u’ T)

Theorem 61. To solve y" + p(x)y’ + q( )y =1(x),y(x0) = Yo,y (0) = Yp
y(z) = Au(z) + Bu(z) + yp(z) and y( = Au'(z) + Bv'(z) + y,()

vty ) (o) = (=)
o (3)win () ) (3

Example 45. Solve

1.%— dy Y + 6y =sinx
2
2. gzg dy—i—y—e

3. %—Fy—xlnx

Solution 7. We will solve % — de + 6y = sinz n all the & methods we dis-
cussed. We will use the integration by parts results, [ ™ sinbxdr = > +b2( b cos bx+

asinbx) + ¢ and [ € cosbrdr = CLQL:I)Q(CL cos bx + bsin bx) + ¢

Method 1:We write %( —2y) — 3(% — 2y) = sinz. Let z = % — 2y so

dx dx
% _ 3z = sinz. Here I = ef 3 — 73 Now L(e37z) = e sing or e 3z =
[e " sinzdr = (3;%(—1cosx — 3sinx) + A —%(cosx + 3sinz) + A so
7= —15(cosz + 3sinx) + Ae?’x = g—g — 2y.
Now I = el 72 = ¢72% qpd L(e2"y) = —<"(cosa + 3sinz) + Ae®. So e 27y =
—%fe_% coszdr — & [ e sma:dsc+Afexd:c = 10(%%(_2 cost + lsinz) —
3 e

T 1cosx—281nx)—|—Ae + B =

5 s (5cosx + 5sinz) + Ae” + B. Finally
y= %(COS:U +sinz) + Ae3® + Be?

s (-

Method 2: If we put y = Ae“x iny" — 5y 4+ 6y = 0 we get 0 = Aa?e™ —5Aqe®”
64 = Ae*(a? — ba + 6) = Ae*®(a — 2)(a — 3) so a = 2,3.
So y = Ae’® + Be?* is the solution. (Note that if the two roots are coinciding this
cannot be the solution, instead one can show that Ae** + Bxe™” is the solution).
To get the complete solution for y"—5y'+6y = sinx we assume y = asin x+bcos x (it
may not be possible to guess the solution like this always). So we get sinx =

6(asinz + becosz) — H(acosx — bsinz) + (—asinz — beosz) = (5a + 5b)sinx +
(50 — ba) cos x so we have ba + 5b =1 and 5b — ba =0 or a = b. So the solution is
a=>b= %0 Which means y = (smx + cosx) is the solution. Finally the complete

solution is y = Ae3® + Be** + 110(smx + cos ).

Method 3: Using Wronskian(This method works even when the coefficients are
not constants). This needs one solution, say u(x) = €** to 3" — 5y + 6y = 0 to start
with. To get the other linearly independent solution v(x) we solve W' + p(x)W =
W' —5W = 0. So f%dl‘ = [5dz or InW = 5z +Inc or W = ce™. But W =
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w' — i’ = 20 — v2e* = ce®. We have v/ — 2v = ce®*. Here | = el ~217 = ¢=2
s0 L(e72) = ce¥e™® or ey = ¢ [edr = ce” 4+ ¢ or v = ce¥ + c1e?”. We
can let v(z) = 3. This means that the complete solution to y" — 5y + 6y = 0 is

y = Au(x) + Bv(z) = Ae** + Be®.
Now to get the complete solution for y" —5y' +6y = sinx, we assume y = a(x)u(z)+
b(x)v(x) where a(x),b(x) are functions to be determined. We have shown above that

a(z) = w and b(zx) = % Here r(:v) =sinz and W = uv' —vu’ = e*3e%"
e372e¥ = 5. Now d'(x) = _eejmx = —e *sinz or a(zr) = — [e *sinzdr =
—(_;%(—1cosx—231nx)+z4 _%(cosx+231nx)+A.

Also V' (x) = 622% = e ¥sinz or b(z) = [e ¥ sinzdr = - Z;Silg( lcosx —
3sinz) + B = (cosa: +3sinz) + B. Now the final solution is y = (% < (cosx +
2sinx)+A)e 2x+( (cosx+381nm)+B) 5(COS$+281H5€)—|—A62I—E(COSQZ—F

3sinx) + Be¥ = Aezx + Be¥ + 2=(cos x + sin z)

10
Note 16.
1. Note that the Wroskian is W = e°® # 0 for any x, confirming the u(x) = e**

and v(z) = €3* are linearly independent, i.e. one is not a scalar multiplication of
the other.

2. Note that it s correct to take linearly independent linear combz’nation of €** and
&3 as u(z),v(x). For example u(z) = 5e** + 7e3* and v(x) = ** — 4.

3. Any combination of €** and €** can be in y,. For example y, = 10(COS£U—|—SIH x)+
662z . e3x'

4. To solve y" — by’ + 6y = sinx, y(0) = 0,¢'(0) = 0.

We know y(z) = Ae*” + Be** + L(cosz + sinz) so y(0) = A+ B+ 15 =0 and
Y (z) = 24e** + 33633: (—sinz + cosz) s0 y/(0) =24+ 3B+ 15 =0

Then we have B = 1 and A = —=%.
Therefore the final solution is y = %6 + % 4 L (cosx + sinx).

5.Note that the Wronskian at 0 is W(0) = 0 = 7& 0 has enabled us to find the

coefficients A, B in the above solution.

Example 46.

1. Show that u(x) = x is a solution to y" — xy' +y = 0.

2. Find the other linearly independent solution v(x) and ea:press it z’nterms of well-
known functzon and the complex error function given by erfi(x fx e’ dt.

3. Solve " — xy' +y = 1 and express the solution by well- known functzon and the
error function.
4. Solvey" —xy +y=1,y(1) =2,¢'(1) = 3.

Example 47.

FEach of the following are well-known differential equations with a parameter n which
1S a positive integer. Find the intervals of x within which the solution exist. Select
one n > 2 and show that the u(x) given below is actually a solution. Also find the
other linearly independent solution v(x).

1. Legendre ODE: (1 — 2?)y" — 2xzy/ +n(n + 1)y = 0;

Legendre Polynomials: uw(x) = P,(z) = L. [(2> — 1)"]

dz™
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2. Laguerre ODE: xy" + (1 — x)y' + ny = 0;
Laguerre Polynomials: u(x) = Ly,(z) = £ [e™"2"]
Also try to find solutions directly by assuming power series of the form u(x) =

> oo arz® and finding a;,. What is the radius of convergence?

Example 48. Consider the ODE: y' +y = x,y(0) = 0.

1. Find the solution analytically and y(1) in decimal.

2. Consider a Numerical Solution by the Euler’s Method. Let h be the width of a
subdivision of [0,1],xx = kh and yy is an approximation to y(xy). Consider the
1st order Taylor Series expansion of y(zr + h) at x; and show that the formula
yk +1) = yp + h(kh — yi) can be used for generating y,. Use this formula to
approzimate the value of y(1) when h = 0.1.

3. With the same setting as above consider the 2nd order Taylor Series expansion of
y(xr+h) at x), and show that the formula yk+1) = yk+h(kh—yk)+%2(1— (kh—yg))
can be used for generating yi. Use this formula to approximate y(1) when h = 0.1.

Mathematica 8.
DSolve[{y"[x] + p[x]y'[x] + a[x]y[x] == r[x], y[a] == b,y'[a] == c},x,y[x]]



