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Example: Use � equal partitions of [0,1] to estimate the “area” under the curve ��	
 = 	� using 

1. left corner of the intervals  

2. right corner of the intervals  

3. midpoint of the interval 

4. line joining the left and right corners of the interval 

 

Definitions:   is a partition of  [�, �] iff it is a set of the form   = {� = 	�, 	�, ⋯ , 	� = �} ∗ is a refinement of   iff ∗ ⊇   is a common refinement of �, � iff  = � ∪ � �[�, �] is the set of all partitions of [�, �] 

 

Definition: Upper and Lower Reimann Sums  �: [�, �] → ℝ is a bounded function 

 ��, �
 = ∑  !∆	!�!#�  where  ! = sup{��	
 |	!(� ≤ 	 ≤ 	!} 

 *�, �
 = ∑ +!∆	!�!#�  where +! = inf{��	
 |	!(� ≤ 	 ≤ 	!} 

 

Definition: Upper and Lower Reimann Integrals 

 / ��	
0	123333333333333 = inf {��, �
| ∈ �[�, �]} 

 / ��	
0	12 = sup {*�, �
| ∈  �[�, �]} 

 

Definition:  

 � is Reimann Integrable on [�, �] or � ∈ ℜ[�, �] iff / ��	
0	12 = / ��	
0	123333333333333
 

Reimann Integral of � is the common value denoted by / ��	
0	 12  

 

Theorem: ∗ is a refinement of  

1.  *�, �
 ≤ *�∗, �
 

2.  ��∗, �
 ≤ ��, �
 

 

Theorem:  / ��	
0	12 ≤ / ��	
0	123333333333333
 

 

Theorem: � ∈ ℛ[�, �] iff  ∀8 > 0 ∃ ∈ �[�, �];  ��, �
 − *�, �
 < 8 

 

Theorem: If � ∈ ℛ[�, �] and  ∈ �[�, �] such that >! ∈ [	!(�, 	!] then 

 ��, �
 − *�, �
 < 8 ⇒ @∑ ��>!
∆	! − / ��	
0	12�!#� @ < 8 

 

Theorem: � ∈ A[�, �] ⇒ � ∈ ℛ[�, �]  

 

Theorems: �, B ∈ ℛ[�, �] 

1. � + B ∈ ℛ[�, �] and / ���	
 + B�	

0	 =12 / ��	
0	 +12 / B�	
0	12  

2. �B ∈ ℛ[�, �] 

3. |�| ∈ ℛ[�, �] and @/ �(	)0	1
2 @ ≤ / |�(	)|0	1

2  

4. � ≤ B ⇒ / �(	)0	 ≤1
2 / B(	)0	1

2  

5. � ≤  ⇒ / �(	)0	 ≤1
2  (� − �) 

6. D ∈ [�, �] ⇒ � ∈ ℛ[�, D], � ∈ ℛ[D, �] and / �(	)0	 =1
2 / �(	)0	 +G

2 / �(	)0	1
G  

 

Theorem: Fundamental Theorem of Calculus 

If � ∈ ℛ[�, �] and there is a differentiable function H such that HI = � then 

 / ��	
0	12 = H��
 − H��
 

 

Theorem: Second Fundamental Theorem of Calculus 

If � ∈ ℛ[�, �] and 	 ∈ [�, �] and H�	
 = / ��	
0	J2  then 

1. H is continuous on [�, �].  

2. If � is continuous at a point 	� ∈ [�, �] then H is differentiable at 	� and H′�	�
 = ��	�
. 
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Theorem: Integration by Parts 

 H, L differentiable on [�, �], HI = � ∈ ℛ[�, �]and LI = � ∈ ℛ[�, �] >ℎT�  

 / H�	
B�	
0	 = H��
L��
 − H��
L��
 − / ��	
L�	
0	1212  

 

Theorem: Change of Variable 

 B has continuous derivative BIX� [D, 0]. � is continous on B�[D, 0]
and let H�	
 = / ��>
0>, 	 ∈ B�[D, 0]
. ThenJ[�G
   

 for each 	 ∈ [D, 0], / �\B�>
]BI�>
0> exixts and has value H\B�	
].JG  

 

Theorem: Mean Value Theorem for Integrals 

 � ∈ ℛ[�, �]with + ≤ � ≤  . Then ∃ D ∈ �+,  
 such that / ��	
0	 = D�� − �
.12  

 If also � ∈ A[�, �] then ∃ 	� ∈ ��, �
 such that / ��	
0	 = ��	�
�� − �
.12  

 

Definition: Improper Integrals of the first kind 

 Suppose / ��	
0	 exixts for each � ≥ �.12  If lim1→d / ��	
0	 exists and equal to f ∈ ℝ12  we say that  / ��	
0	 d2 converges and has value f 

 Otherwise we say that  / ��	
0	 d2 diverges 

 

Definition: Improper Integrals 

  / ��	
0	 = lim2→(d / ��	
0	121(d  

 / ��	
0	 = / ��	
0	 +G(dd(d / ��	
0	,dG  D ∈ ℝ 

 / ��	
0	 = limj→2k / ��	
0	1j12k  

 / ��	
0	 = limj→1l / ��	
0	j21l2  

 / ��	
0	 = / ��	
0	Gl212 + / ��	
0	1Gk , D ∈ ��, �
 

 

Example: Find / �Jm 0	�(�  if it exists 

 

 Theorem: Comparison Test 

 Assume that the proper integral / ��	
0	 exists for each � ≥ � and suppose that 0 ≤ ��	
 ≤ B�	
12  

 for all 	 ≥ �, then / B�	
0	 converges ⟹  / ��	
0	 converges  d2d2  

 

 Theorem: Limit Comparison Test 

  Assume both proper integrals / ��	
0	 and / B�	
0	 exist for each � ≥ �, where ��	
 ≥ 0 and B�	
 > 0  1212  

  If limJ→d p�J
[�J
 = c, then  
1.   c ≠ 0, ∞ ⇒ / ��	
0	 converges ⇔   / B�	
0	 converges  d2d2  

2.  c = 0 and / B�	
0	 converges ⇒  / ��	
0	 converges   d2d2  

3.  c = ∞ and / B�	
0	 diverges ⇒  / ��	
0	 diverges   d2d2  

 

Note: There are similar comparison tests for other improper integrals 

 

Example: Gamma Function is defined by Γ�	
 = / T(j>J(�0> d� . Show that 

1. Γ�	
 exists for all 	 > 0  

2. Γ�	
 = �	 − 1
Γ�	 − 1
 

3. Γ��
 = �� − 1
! for integer � ≥ 1  

4. we can use 2.  to dewine Γ�	
 for 	 < 0 

5. Γ�	
 does not exist for  	 = 0, −1, −2, −3, ….  
6. Show that Γ z�

�{ = √}  and / T(jm0>d
� = √}  using Γ�	
Γ�1 − 	
 = ~

��� ~J 

7. Use the formula for the the � dimesional ball  ����
 = ~
�
m

�z�
m��{

�� to wind volumes of 2,3,4,5 dimesional balls  

8. Use the fact that Γ�	 + 1
~√2}	 zJ
�{

J
asmptotically as > → ∞ to wind 10! approximately  

9. What is −ΓI�1
? . It is called the Euler Constant � and no one knows if it is rational or irrational! 
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Definition: nth Order Ordinary Differential Equation 

 H z����J� , ��l���J�l� , ⋯ , ���J , �, 	{ = 0 

 

Definition: 1st Order Ordinary Differential Equation 

 
���J = ��	, �
 

 

Example:  

1. �I − 3��/� = 0, ��0
 = 0 has two solutions � = 0 and � = 	�. 

2. �I − �(� = 0, ��0
 = 0 has no solution for 	 > 0. 

 

Definition: ��	, �
 is Lipschitz continuous on � ⊂ ℝ� 

 ∃* > 0, ∀�	, ��
, �	, ��
 ∈ �; |�(	, ��) − �(	, ��)| ≤ *|�� − ��|  
 

Theorem: If ��	, �
 is Lipschitz continuous on � ⊂ ℝ� and �	�, ��
 ∈ � then the initial value problem 

  
���J = ��	, �
, ��	�
 = �� has a unique solution in � 

 

Definition/Theorem: variable separable 1
st

 order ODE 

 ��	, �
 = [�J
���
 
  / ℎ��
0� = / B�	
0	 

   

Definition/Theorem: homogeneous 1
st
 order ODE 

  ��	, �	
 = B��
 

 
���J = � + 	 ���J = B��
 ⇒ ���J = [��
(�J : varaibale separable 

 

Definition/Theorem: Linear 1
st
 order ODE 

  ��	, �
 = ��	
 − �	
� 

 Integrating Factor: f�	
 = T/ ��J
�J 

 
���J + �	
� = ��	
 ⇒ f�	
 ���J + f�	
�	
� = ��	
f�	
 

 ⇒ ��J �f�	
�
 = f�	
��	
 ⇒ � = ���J
 / f�	
��	
0	 

 

Definition/Theorem: Bernoulli 1
st

 order ODE 

 ��	, �
 = ��	
 − �	
�� 

 � = ��(� ⇒ � �J = �1 − �
�(� ⇒ � �J + �1 − �
�	
� = �1 − �
��	
: Linear 

 

Example: Solve the first order ODEs 

1. 
���J = �TJ 

2. 
���J = Jm��m

J�  

3. 
���J − �J = ln 	 

 

Definition: 2nd Order Linear Ordinary Differential Equation 

 
�m��Jm + ¢�	
 ���J + £�	
� = ��	
 

 

Definition: 2nd Order Linear Ordinary Differential Equation with constant coefficients 

 
�m��Jm + ¢ ���J + £� = ��	
 

 If ¤� + ¢¤ + £ = �¤ − �
�¤ − �
 = ¤�¤ − �
 − ��¤ − �
 = ¤�¤ − �
 − ��¤ − �
 

 
�m��Jm + ¢ ���J + £� = ��J z���J − ��{ − � z���J − ��{ = � �J − �� = ��	
 and ���J − �� = �: Linear 1st ordere ODEs 

 

Example: Solve 
�m��Jm − 5 ���J + 6� = sin	 as two Linear 1

st
 order ODEs 
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Definition/Theorem:  

 	� �m��Jm + 	¢ ���J + £� = ��	
 

 	 = T  ⇒ 	 ���J = ���  ⇒ 	 �m��Jm + ���J = �m�� m �J ⇒ 	� �m��Jm = �m�� m − ���  

  
�m�� m − ���J + ¢ ���  + £� = ��T 
 ⇒ �m�� m + �¢ − 1
 ���  + £� = ��T 
: 2nd Order Linear 

 

Definition: The solutions to   
�m��Jm + ¢ ���J + £� = 0 (homogeneous equation)can be obtained by substituting  

 � = DT§J ⇒  ¤� + ¢¤ + £ = �¤ − �
�¤ − �
 = 0, charasteristic equation  

1. �, � ∈ ℝ, � ≠ � ⇒ � = DT2J + 0T1J 

2. �, � ∈ ℝ, � = � ⇒ � = DT2J + 0	T1J 

3. �, � ∈ ℂ ⇒ � = �� + ©�� = �3 ⇒ � = DT2�Jsin��	 + DT2�Jcos��	 

 

 Definition/Theorem: The solutions to 
�m��Jm + ¢�	
 ���J + £�	
� = ��	
, ��	�
 = ��, �I�	�
 = �′�  

1. Exists and unique on an interval �D, 0
 where 	� ∈ �D, 0
 ⊆ ��, �
 and ¢�	
, £�	
, ��	
 continuous on ��, �
. 

2. The solution can be expressed as � = �G + �« 

3. �G = �¬�	
 + ��	
 (complimentary/fundamental solution) is the solution when ��	
 ≡ 0 (homogeneous 

equation)and ¬,  (fundamental set of solutions)are linearly independent(∀	��¬�	
 + ��	
 = 0
 ⇒ � =� = 0
. 

4. �« (particular solution) is a solution when ��	
 ≢ 0 

 

Example: Solve  
�m��Jm − 5 ���J + 6� = sin	 by separately finding �G and �« 

 

Definition: Wronskian 

 °�¬, 
�	
 = ¬I − ¬I = @ ¬ ¬′ ′@ 
 

Theorem: If ¬,  are solutions to the homogeneous equation, the Wronskian satisfies 

1.  °I + ¢�	
° = 0  

2. °�¬, 
�	
 = °�¬, 
�	�
exp z− / ¢�>
0>JJ± { 

3. °�¬, 
�	
 ≠ 0 or °�¬, 
�	
 ≡ 0 

4. °�¬, 
�	�
 ≠ 0 ⇔ ¬,  are linearly independent 

 

Example: If T2J is a solution to 
�m��Jm − 2� ���J + ��� = 0 find the other independent solution. 

 

 Theorem: If ¬,  are fundamental solutions to the homogeneous equation,  

 then the particular solution is given by 

 �«�	
 = D�	
¬�	
 + 0�	
�	
   

  z ¬ ¬′ ′{ zD′0′{ = z0�{;  DI = (²³́ = �́́ , °� = @0 � ′@; 0I = ²µ́ = ḿ́ , °� = @ ¬ 0¬′ �@ 
  �«�	
 = / ³�J
µ�j
(µ�J
³�j
´�µ,³
�j
JJ± ��>
0> 

 

Example: Solve  
�m��Jm − 5 ���J + 6� = sin	 using the Wronskian. 

 

 Example: Airy Equation: 
�m��Jm − 	� = 0.  The fundamental solutions are 

1. Airy function of the first kind Ai�	
 = �~ / cos zj¶� + 	>{ 0>d�  : bounded solution as 	 → ∞ 

2. Airy function of the second kind Bi�	
: unbounded solution as 	 → ∞ 

 

Example: Bessel Equation: 	� �m��Jm + 	 ���J + �	� − ��
� = 0, � is an integer. The fundamental solutions are 

1. Bessel function of the first kind J��	
: bounded solution at 	 = 0 

2. Bessel function of the second kind K��	
: unbounded solution at 	 = 0 
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Definition: Function of two variables  �: º ⊆ ℝ� → ℝ 

 

Example: Draw the graphs of the following functions  

1. ��	, �
 = 	� + �� 

2. ��	, �
 = »	� + �� 

 

Definition: lim�J,�
→�2,1
 ��	, �
 = * ⇔ 

 ∀8 > 0∃¼ > 0, 0\�	, �
, ��, �
] < ¼ ⇒ |�(	, �) − *| < 8 

 

Note: 0\�	, �
, ��, �
] < ¼ is a region around ��, �
. Some options for  0\�	, �
, ��, �
] are 

1. »�	 − �
� + �� − �
� 

2. |	 − �| + |� − �| 
3. max�|	 − �|, |� − �|� 

We will use the 1
st
 option. One can show that all are equivalent, what is needed is a region around (�, �). 

 

Example: Use the definition to show that lim�J,�
→��,�
 	� = 6. 

 

Example: Investigate the existence of the limit lim�J,�
→��,�
 ��	, �
 for the following functions 

1. ��	, �
 = ½ J�Jm��m , �	, �
 ≠ �0,0
0 , �	, �
 = �0,0
¾ 
2. ��	, �
 = ¿ Jm�m

Jm�m��J(�
m , �	, �
 ≠ �0,0
0 , �	, �
 = �0,0
¾ 
3. ��	, �
 = ¿	sin �� , �	, �
 ≠ �0,0
0 , �	, �
 = �0,0
¾ 
 

Theorem: If lim�J,�
→�2,1
 ��	, �
 = * and limJ→2 ��	, �
, lim�→1 ��	, �
 exists then 

 lim�→1 limJ→2 ��	, �
 = limJ→2 lim�→1 ��	, �
 = * 

  

 Definition: Partial derivatives 

  ����, �
 = �J��, �
 = ÀpÀJ ��, �
 = lim∆J→� p�J�∆J,1
(p�2,1
∆J  

 ����, �
 = ����, �
 = ÀpÀ� ��, �
 = lim∆�→� p�2,1�∆�
(p�2,1
∆�  

 

Definition:  � ∈ A� ⇔ �� ∈ A and �� ∈ A 

 

Theorem: Mean Value 

1. � ∈ A� in º 

2. The circle �	 − �
� + �� − �
� ≤ ¼� lies inside º 

 ⇒ 

1. ��� + ∆	, � + ∆�
 − ���, �
 = ���� + Á�∆	, �
∆	 + ���� + ∆	, � + Á�∆�
∆� 

2. ∆	� + ∆�� < ¼� and 0 < Á�, Á� < 1 

 

Definition: Differentiability of � �� ∈ Â
 at ��, �
 

1. �� and �� exists at ��, �
 

2. ��� + ∆	, � + ∆�
 − ���, �
 = ����, �
∆	 + ����, �
∆� + Ã�∆	, ∆�
∆	 + Ä�∆	, ∆�
∆� 

3. lim�∆J,∆�
→��,�
 Ã�∆	, ∆�
 = lim�∆J,∆�
→��,�
Ä�∆	, ∆�
 = 0 

 

Theorem: � ∈ A� ⇒ � ∈ Â 

 

Example: Let ��	, �
 = Bz»	� + ��{, B�	
 = 	sin �J , B�0
 = 0. Show that � ∈ Â but � ∉ A� 

 

Definition: Higher order derivatives 

 ��� = ÀmpÀJm = ÀÀJ zÀpÀJ{,��� = ÀmpÀJÀ� = ÀÀJ zÀpÀ�{, ��� = ÀmpÀ�ÀJ = ÀÀ� zÀpÀJ{, ��� = ÀmpÀ�m = ÀÀ� zÀpÀ�{ and so on.  

We write � ∈ A� to mean ���, ���, ���, ��� ∈ A. 
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Note:  

1. In a similar manner we write � ∈ A� to mean that all the(2� of them) � th order partial derivatives are 

continuous. 

2. That there are z �+{ =� ÆÇ = �!Ç!��(Ç
! ,� th order partial derivatives containing 	, + times. 

 

Example: Let ��	, �
 = ¿2	� Jm(�mJm��m , �	, �
 ≠ �0,0
0 , �	, �
 = �0,0
¾ 
Show that ����0,0
 ≠ ����0,0
. 

 

Theorem: � ∈ A� ⇒ ��� = ��� 

 

Theorem: Chain Rule 

1. � = ��	, �
, 	 = 	�>
, � = ��>
 all in A� 

 
�p�j = ÀpÀJ �J�j + ÀpÀ� ���j   

2. � = ��	, �
, 	 = 	�¬, 
, � = ��¬, 
 all in A� 

 
ÀpÀµ = ÀpÀJ ÀJÀµ + ÀpÀ� À�Àµ and  

ÀpÀ³ = ÀpÀJ ÀJÀ³ + ÀpÀ� À�À³ 

 

Note: The above may be written as 

1. 
ÀpÀj = zÀpÀJ ÀpÀ�{ È�J�j���j

É = ÀpÀ�J,�
 À�J,�
Àj  

2. 
ÀpÀ�µ,³
 = ÈÀpÀµÀpÀ³

É = zÀpÀJ ÀpÀ�{ ÈÀJÀµ ÀJÀ³À�Àµ À�À³
É = ÀpÀ�J,�
 À�J,�
À�µ,³
 

 

With 	 = z	�{ and ¬ = z¬{ they may also be written as 

1. �� ∘ 	
′�>
 = �I�	
	I�>
 

2. �� ∘ 	
′\¬] = �I�	
	I�¬
 

 

We see that zÀpÀJ ÀpÀ�{ = ÀpÀ�J,�
 = �I�	
 is acting as the true single first derivative of � = ��	, �
 

 

Definition: Gradient 

 grad� = ∇� = zÀpÀJ ÀpÀ�{ 

 

Definition: Directional derivative of � in the direction of the unit vector ¬ = �¬, 
 at ��, �
 

 ºµ���, �
 = lim∆j→� p�2�µ∆j,1�³∆j
(p�2,1
∆j  

 

Theorem: � ∈ A� 

1. ºµ���, �
 = ÀpÀJ ��, �
¬ + ÀpÀ� ��, �
 = ∇���, �
 ∙ ¬ 

2. maxµ ºµ���, �
 = º∇p�2,1
Í ���, �
 = ‖∇���, �
‖ 

3. minµ ºµ���, �
 = º(∇p�2,1
Í ���, �
 = −‖∇���, �
‖ 

 

Theorem: Normal vector to a surface 

 � = ��>
 = \	�>
, ��>
, ��>
] is a curve on the surface of � = � = ��	, �
 ∈ A�  

where ��>�
 = \	�>�
, ��>�
, ��>�
] = \�, �, ���, �
] then 

 ���, �
 ∙ �I�>�
 = \�J��, �
, ����, �
, −1] ∙ �	I�>�
, �I�>�
, �I�>�

 = �I�>�
 − �I�>�
 = 0 

ie ���, �
 = \�J��, �
, ����, �
, −1] = �∇���, �
, −1
 is a vector perpendicular to the surface � = ��	, �
 at ��, �
 

 

Theorem: Equation of the tangent plane to the surface of � = � = ��	, �
 at ��, �
 

  � = ���, �
 + �J��, �
�	 − �
 + ����, �
�� − �
 = ���, �
 + ∇���, �
 z	 − �� − �{ 
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Theorem:  Taylor’s expansion for one variable �: f ∈ ℝ →  ℝ 

 � ∈ Æ��� and �, � + ℎ ∈ f  

then ��� + ℎ
 = ∑ �!! �Ïp�JÏ ��
ℎ! + �����
! ��k�p�J�k� �� + Áℎ
ℎ���!Ð�  

where Á ∈ �0,1
  

 

Note: ∑ �!! �Ïp�JÏ ��
ℎ! =!Ð� ∑ �!! ��!
��
ℎ!�!#�  

 

Note: The first two terms are the equation of the tangent line. 

 

Proof: Use generalized mean value theorem on  

 H�>
 = ∑ �!! ��!
�>
�	 − >
!�!#�  and L�>
 = �	 − >
��� 

 

Example: When � = 1 

 ��� + ℎ
 = ∑ �!! �Ïp�JÏ ��
ℎ! + ��! �mp�Jm �� + Áℎ
ℎ���!Ð� = ���
 + ��! �I��
ℎ + ��! �I′�D
ℎ� 

 

Example: Write the Taylor’s expansion for ��	
 = TJ at � = 0. 

 

Example: Derive the second derivative test to find the extrema of ��	
. What to do when �I′��
 = 0? 

 

Theorem:  Taylor’s for two variables �: Ñ ∈ ℝ� →  ℝ 

 � ∈ Æ��� and ��, �
, �� + ℎ, � + Ò
 ∈ Ñ  

then ��� + ℎ, � + Ò
 = ∑ �!!Ó! ÀÏkÔpÀJÏÀ�Ô ��, �
ℎ!!�ÓÐ� ÒÓ + ∑ �!!Ó! ÀÏkÔpÀJÏÀ�Ô �� + Áℎ, � + ÁÒ
ℎ!ÒÓ!�Ó#���  

where Á ∈ �0,1
  

 

Note: ∑ �!!Ó! ÀÏkÔpÀJÏÀ�Ô ��, �
ℎ!!�ÓÐ� ÒÓ = ∑ �²! ∑ z�Õ{ ÀÖpÀJÖlÔÀ�Ô²Ó#��²#� ��, �
ℎ²(ÓÒÓ = ∑ �²! zℎ ÀÀJ + Ò ÀÀJ{²�²#� ���, �
 

 

Proof: Use Taylor’r expansion for H�>
 = ��� + >ℎ, � + >Ò
 

 

Example: When � = 1 

 ��� + ℎ, � + Ò
 

 = ∑ �!!Ó! ÀÏkÔpÀJÏÀ�Ô ��, �
ℎ!!�ÓÐ� ÒÓ + ∑ �!!Ó! ÀÏkÔpÀJÏÀ�Ô �� + Áℎ, � + ÁÒ
ℎ!ÒÓ!�Ó#�  

 = ���, �
 + À�pÀJ� ��, �
ℎ� + À�pÀ�� ��, �
Ò� + ��! ÀmpÀJm �×
ℎ� + ��!�! ÀmpÀJ�À�� �×
ℎÒ + ��! ÀmpÀ�m �×
Ò� 

 = ���, �
 + �J��, �
ℎ + ����, �
ℎ + ��! \�JJ�×
ℎ� + 2�J��×
ℎÒ + ����×
Ò�] 

 = ���, �
 + ��J��, �
 ����, �

 zℎÒ{ + ��! �ℎ Ò
 Ø�JJ�×
 �J��×
��J�×
 ����×
Ù zℎÒ{ 

 = ���, �
 + ∇���, �
 zℎÒ{ + ��! �ℎ Ò
Ú��×
 zℎÒ{ 

 = ���, �
 + ��! �′��, �
 zℎÒ{ + ��! �ℎ Ò
�′′�×
 zℎÒ{ 

 

Note: The first two terms are the equation of the tangent plane. 

 

Definition: �II = Ú� = Ø�JJ �J���J ���Ù: Hessian of � 

 detÚ� = �JJ��� − �J��
: determinant 

 trÚ� = �JJ + ���: trace 

 

Example: Write the Taylor’s expansion for ��	, �
 = TJ� and ��	, �
 = sin	� at ��, �
 = �0,0
 

 

Definition: ��, �
 is a critical point of � ⟺ ∇���, �
 = Ü or � is not defined 
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Definition:  

1. � has a relative maximum at ��, �
 ⇔ ���, �
 ≥ ��� + ℎ, � + Ò
 in a neighbourhood of  ��, �
 

2. � has a relative minimum at ��, �
 ⇔ ���, �
 ≤ ��� + ℎ, � + Ò
 in a neighbourhood of  ��, �
 

3. � has a saddle point at ��, �
 ⇔ � is both above and below the tangent plane of � at ��, �
 in a neighbourhood 

of  ��, �
. 

 

Theorem: � ∈ Æ�and ��, �
 is a relative maximum/minimum of � ⇒ ∇���, �
 = Ü  

 

Theorem: � ∈ Æ� and ∇���, �
 = Ü then 

1. detÚ���, �
 > 0 and trÚ���, �
 > 0 then ��, �
 is a relative mimimum 

2. detÚ���, �
 > 0 and trÚ���, �
 < 0 then ��, �
 is a relative maximum 

3. detÚ���, �
 < 0 then ��, �
 is a saddle point 

4. detÚ���, �
 = 0 inconclusive(why?) 

 

Example: Find the relative maxima/minima/saddle points of  

 ��	, �
 = 	� − 12	 + �� − 27� + 5 

 ��	, �
 = 	Þ + �Þ 

 

Theorem: Lagrange Multipliers �, B ∈ Æ� and B�� + B�� > 0 in Ñ then 

The set of points �	, �
 on the curve B�	, �
 = 0 where ��	, �
 has maxima or minima, is included in the set of 

simultaneous solutions �	, �, ß
 of the equations  ∇��	, �
 = ß∇B�	, �
, B�	, �
 = 0 

 

Example:  

Find the shortest distance from the point �1,0
 to the parabola �� = 4	 

Find the directions of the axes of the ellipse 5	� − 6	� + 5�� − 4	 − 4� − 4 = 0 

 

Definition/Theorem: Exact Differential Equation 

 �	, �
0	 + ��	, �
0� = 0 with 
À�À� = ÀàÀJ 

 Solution � = D where 
ÀpÀJ =  and 

ÀpÀJ = � 

 

Example:  

 �3	� + 6	��
0	 + �6	�� + 4��
0� = 0 

 �0	 + 2	0� = 0 

 

Theorem:  

If �	, �
0	 + ��	, �
0� = 0 not exact ie 
À�ÀJ ≠ ÀàÀ� 

and  zÀ�À� − ÀàÀJ{ /� = ��	
 is a function of 	 alone, let f = T/ p�J
�J 

or 

 zÀ�À� − ÀàÀJ{ / = B��
 is a function of � alone, let f = T/ [��
�� 

then f0	 + f�0� = 0 is exact ie 
À��ÀJ = À�àÀ�   

 

Example:  

 �0	 − �2	 + �
0� = 0 

 �	� + ��
0	 − 	��0� = 0 

 

 

 

 

 

  

 

 


